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Abstract 
The aim of condition monitoring is to recognise the development of evolving motor 
faults at an early stage, so that the motor can be scheduled for repair or replacement 
before catastrophic failure occurs. Often in a modem industrial plant, the cost of an 
unscheduled shutdown of the process is very much greater than the cost of the motor 
itself. 
This thesis concentrates on the detection of stator and rotor defects in squirrel cage 
induction motors. Very little work has been done on the detection of these faults 
when the motor is supplied at variable frequency. Hardware and software approaches 
have previously been attempted but with limited success. An alternative method put 
forward here is to compute the instantaneous input power of the motor from the two 
line-to-line voltages and two line currents. In order to do this, specialised hardware 
has been developed, including a study of the suitability of different types of current 
transducers. 
The effects of open circuit and short circuit armature coils, and poor commutation of 
DC motors have been examined. Because the conventional current transformer 
cannot be used for DC, and the electrical noise inside the control cubicle of a 
thyristor-controlled DC motor prevents successful operation of a Hall Effect clip-on 
ammeter, an air core clip-on "Rogowski" coil was designed to monitor fault-related 
frequencies in armature and field current. In order to study the effect of open-circuit 
or short-circuit coil, steady-state models for the DC motor were developed using 
inductively coupled coils theory. Individual field and armature coils can be modelled, 
and the effect of faulty armature coils on the amplitude of frequency components that 
are introduced into armature and field current, can be predicted. 
To summarise, the main achievements described in this thesis are as follows: 
iv 
Voltage, current, and power monitoring of the induction motor 
• Design of fully shielded, linear phase shift, clip-on current transducer for power 
monitoring (It was initially designed by Mr Langman and modified by the 
author). 
• Design of a voltage and current monitoring hardware system for induction motors 
with assistance from the technical support group in the Electrical Engineering 
Department of the University of Tasmania. 
• Theory and implementation of using input motor power for the overall check of 
induction motors. 
• Use of spectrum analysis of current or power signal to attempt to detect bearing 
faults. 
• Use of the instantaneous input power signal to detect stator and rotor defect of the 
motor with variable frequency supply. 
Current monitoring of the DC motor 
• Frequency spectrum analysis of armature and field current waveforms of DC 
motors. 
• Investigation of the effect of incorrect interpole strength, open-circuit and short-
circuit armature coils on the armature and field currents. 
• Numerical modelling of DC motor with open-circuit armature coil for steady-
state conditions. 
• Numerical modelling of DC motor with short-circuit armature coil for steady-
state conditions. 
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Preface 
This project originated in 1989 with a local zinc company, Pasminco EZ Ltd., which 
was having problems with some critical induction motors. Each 415V, 330A motor 
was driving a large cooling tower fan via 11: 1 reduction gearbox. If one of these fans 
became inoperative during the summer months, the entire plant would be shut down, 
costing around one million dollars per day in lost production. The motors are in an 
awkward position high above the ground, requiring a large crane to be brought on site 
in order for replacement. One of these motors showed overheating and excessive 
vibration. Although supply currents were well below the rating of the motor, over-
temperature had caused motor protection to trip out, indicating either a faulty motor 
or unusual operating conditions. Due to lack of local commercial expertise, the 
company invited the University, whereupon Peter Watt, Richard Langman and Dr. 
David Lewis began an investigation and took some initial stator current spectra. 
Additional frequencies, which correspond to a modulation of the stator current at 
double slip-frequency, were present in the second set of measurements taken 13 
months apart. These suggested a damaged rotor bar. Shortly after the second 
measurements were taken, the motor failed and was taken out of service. As the 
company was not interested in the failure mechanism of the motor, and had replaced 
it immediately, we did not have opportunity to check it. 
Two years later, this project was continued as a Ph.D. topic by Andrew Innes. He 
wrote the software for data capture and spectrum analysis and developed the 
corresponding hardware. He then examined the implications that variable speed 
drives have for the detection of rotor damage. Very little previous work had been 
done on fault detection in motors controlled by such drives. Hardware and software 
approaches to achieve synchronous sampling were attempted, but with limited 
success. 
In 1996, the author continued this project, although by now the industries were not 
financially and technically involved. After some on site measurements on motors 
XVlll 
supplied at variable frequency, it was firstly discovered that the clip-on Hall effect 
ammeters are prone to electrostatic and electromagnetic interference from the drives, 
even though two of the ammeters had been specially shielded. A commercial 
precision split core current transformer was tried instead. However it was rather too 
bulky to clip over a motor cable and still fit in between neighbouring cables. Instead, 
split core current transformers were designed, that had a more suitable phase and 
frequency response, and importantly that would fit in between the supply cables in 
the motor control cubicle. 
Secondly, an alternative method for stator and rotor defect detection in induction 
motors was proposed by the author. It is to compute and analyse the instantaneous 
input power of the motor from the two line-to-line voltages and two line currents. It 
also relied on the specially designed current transformers. An on-line monitoring 
system was developed and routine tests have been carried out in industry. 
During the routine test in industry, the maintenance engineers asked if any condition 
monitoring techniques were available for DC machines, and this led to a detailed 
investigation of the problems associated with DC machines such as brush sparking 
and armature coil defects (open- or short-circuit turns). A new mathematical model 
was developed that could include the effect of an individual open-circuit or short-
circuit armature coil. 
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Chapter J. Introduction I 
Chapter 1 
Introduction 
1.1 Induction Motors and DC Motors 
The three-phase induction motor is used in a wide variety of industrial applications, 
often in critical production processes, because it is simple, rugged, low priced and 
easy to maintain. However, failure of the motor does occasionally occur, and will 
usually cause lost production in which, a high cost may be involved. Hence, it is 
important to recognise the state of motor faults as early as possible in order to take 
remedial action. 
Traditionally, the induction motor is used for fixed speed application. In recent years, 
variable frequency AC drives have become very reliable and are widely used and 
have taken over many of the applications of DC motors. Therefore, the early 
recognition of motor faults must take into account the variable frequency drive. 
Although DC motor is expensive to build and to maintain, its important features 
include adjustable motor speed over very wide ranges, constant torque, rapid 
acceleration or deceleration, and responsiveness to feedback signals, making DC 
motors still valuable in a few industry applications. Also just because these days AC 
drives can in principle replace DC drives, does not mean that all DC drives will 
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immediately be replaced. So, this thesis examines condition monitoring of DC 
motors as well as the induction motor. 
1.2 Plant Maintenance and Condition Monitoring 
The problem of sudden failure of an electric motor has become more significant and 
challenging. Any failure is likely to have a number of possible causes, and may give 
rise to several early indications of its presence. The time taken for the fault to worsen 
to the stage where the motor fails will depend on many circumstances. A detailed 
account of failure mechanisms for electrical machines, and their early indications, is 
in the book of Tavner and Penman [ 1]. 
There are three methods of maintaining plant [2]: 
• breakdown maintenance, 
• regular preventive maintenance, and 
• condition-based maintenance. 
Breakdown maintenance is the simplest form of maintenance. The plant operates 
until a part breaks and the part is then replaced. It has the advantage of using a 
component to the end of its useful life. However, it can be very expensive in terms of 
the loss of the product from the unexpected downtime. It may also be dangerous. 
The second alternative is to stop the plant at regular intervals for maintenance. It is 
probably the method most commonly used in industry. The choice of a regular 
maintenance interval is guided by two factors: maximisation of the component utility 
to minimise the waste, and minimisation of unexpected failures. The compromise 
between these two factors can be established by experience, but system failures still 
cannot be avoided. 
The third alternative is condition-based maintenance, in which the condition of the 
plant is monitored to detect any deterioration in performance. The relevant part 
replacement is then scheduled, based on the estimation of the remaining life of the 
part. This maintenance method achieves maximum component utility and 
unscheduled outage is minimised. However, in order to provide knowledge of plant 
condition to estimate the rate at which deterioration is occurring, suitable parameters 
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must be selected to be monitored. Such a measurement system may require expensive 
instrumentation and a high level of expertise to interpret and analyse the data, and 
may require a costly initial capital investment in equipment, training, and experience. 
Condition monitoring is well suited where [3]: 
• a safety risk is likely to arise from the breakdown of the plant, 
• high loss of production would be caused by the breakdown of machinery, 
machines are not easy to access, or are mobile and rarely return to base, 
• operators cannot be expected to detect faults in expensive plant whose failure 
results in serious damage, 
• plant is new in design and may have some residual development problems. 
Motors are often used in critical positions in a plant, but they are still relatively cheap 
compared to the plant. Any unexpected failure of these machines will incur high-loss 
production cost that can justify a condition monitoring program. 
1.3 Faults of Induction Motors and Their Detection 
Possible induction motor faults are bearing faults, stator faults and rotor faults. The 
result of the survey [26] showed that bearing faults accounted for the majority of the 
failures, as much as 51.07%. Faults on stator windings and on rotor bars/rotor rings 
accounted to 15.76% and 4.7%, respectively. So together these three add to more 
than 70% of all faults that have led to a failure. 
Bearings 
The principal tools for condition monitoring of rolling-element bearing are 
temperature and vibration measurements Touch thermocouple or infrared 
thermography can be used to plot bearing temperature trends [2]. Vibration 
monitoring may be performed with hand-held detector/analysers connected to 
vibration transducers [4]. The periodic analysis of lubricant samples taken from the 
scavenge line ahead of the filter in a circulating oil system or from a static sump can 
provide valuable information on the bearing and lubricant condition [5] (This is only 
possible with sleeve bearings on very large motors). 
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Stator faults 
Stator faults refer to insulation defects of the stator windings. Most large high voltage 
induction motors rated at 2.3kV and have stators with multi-tum coils. Partial 
discharge activity on the insulation can result in short-circuit turns, grounding fault or 
phase-to-phase faults [6]. Evolving stator winding faults can be identified by partial 
discharge testing. A recent and novel approach to this problem by Cash et al [140] 
uses an analysis of the three-phase line to neutral voltages of the motor. It is every 
effective, but requires a star-connected winding with the neutral accessible; most 
motors have delta-connected windings. 
Early indication of winding failures of low voltage squirrel-cage induction motors 
can be given by an increase in winding vibration [7-8], magnetic flux analysis [7-9], 
monitoring negative sequence components [10], and unbalance of stator current [11]. 
An increasing number of low voltage motors use pulse-width modulated (PWM) 
drives for variable speed. High-switching-frequency steep-front pulses can be 
generated from such drives, which in conjunction with the line reflection, and 
inductive effect, may induce significant overvoltages and numerous harmonics inside 
the motor, and accelerate the insulation ageing [12]. 
Rotor faults 
Rotor faults includes: 
• open-circuit and short-circuit winding turns on a wound rotor motor, 
• broken rotor bar and end ring for cage motor, 
• static rotor eccentricity, and 
• dynamic rotor eccentricity. 
Rotor eccentricity can occur as static or dynamic and is usually present in even a new 
motor. The radial motion between the rotor and stator due to eccentricity causes 
variations of air gap length. 
During starting, the centrifugal and magnetic forces on the cage rotor bars are high. 
When these combine with forces due to thermal expansion, they cause rotor bars to 
move slightly in the slots. This may cause fatigue cracking and result in a high-
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resistance joint between the rotor bars and end rings. 
Rotor faults are much more difficult to detect than bearing or stator faults because it 
is impossible to attach transducers directly to the rotor. Indirect measurement 
techniques are required. These faults can produce distinctive frequencies of the motor 
housing vibration, magnetic flux, and stator current, and may be detected by 
examining their frequency spectrum [13-21]. 
These fault-related frequencies should still be present when the induction motor is 
supplied at variable frequency, but their detection is much more complicated. 
1.4 Maintenance and Condition Monitoring of the DC Motor 
DC motors can have similar mechanical problems as AC motors, but the 
commutation process provides an extra problem: excessive sparking. This causes 
destructive blackening, pitting, and wear of both commutator and brushes. This 
results in the increase of brush-commutator contact resistance and a build up of 
conducting carbon dust between commutator segments. It further reduces the 
commutation ability of the DC motor. Severe failure to commutate can cause 'ring 
fire', that is arcing over the entire commutator periphery. 
Excessive sparking can be due to poor commutation or an armature defect such as an 
open-circuit or short-circuit armature coil. A modem on-line monitoring technique is 
not available commercially for DC motors. So visual inspections of sparking and off-
line inspection of the commutator surface conditions are still used [28], and probably 
are the only methods available in industry to assess DC motor condition. 
1.5 Contribution of the Thesis 
This thesis first examines electrical monitoring techniques to detect stator and rotor 
defects in an induction motor when it is supplied at variable frequency. Hardware and 
software methods to detect broken rotor bars have previously been attempted but 
with limited success [22]. An alternative method put forward here to compute the 
instantaneous input power of the induction motor from the two line-to-line voltages 
and two line currents. Examination of the frequencies present in the instantaneous 
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power can detect inter-tum short-circuits of stator winding, and broken rotor bars. In 
order to do this, specialised hardware has been developed, including clip-on current 
transformers. 
Secondly, this thesis examines the effects of open-circuit and short-circuit armature 
coils, and poor commutation of DC motors. Because the conventional current 
transformer cannot be used for DC, and the electrical noise inside the control cubicle 
of a thyristor-controlled DC motor prevents successful operation of a Hall Effect 
clip-on ammeter, an air-core clip-on "Rogowski" coil was used instead to monitor 
fault-related frequencies in armature and field current. This was specifically designed 
for this job. 
Thirdly, in order to study the effect of open-circuit and short-circuit armature coils, 
steady-state models for the DC motor were developed using inductively-coupled coil 
theory. Individual field, armature and faulty coils can be modelled, and the effect of 
faulty armature coil on the frequency components that are introduced into armature 
and field current can be predicted. 
1.6 Organisation of the Thesis 
Chapter 2 of this thesis gives a fairly detailed review of on-line condition monitoring 
techniques for induction motors. It includes the detection of rolling-element bearing 
faults, stator insulation defects and rotor faults. 
Chapter 3 summarises the theoretical air gap flux distribution for an induction motor 
and the previous approaches of the work done on the detection of rotor damage with 
variable frequency drives. The difficulties of broken rotor detection with variable 
supply frequency are discussed. 
Chapter 4 introduces a new method to detect the stator and rotor faults in which the 
instantaneous input power is computed from the two line-to-line voltages and two 
line currents. Theory is given, and an on-line monitoring system is described. 
Experimental results show that the frequency spectrum of the power signal provides 
much useful information in detecting fault frequency components, in variable speed 
drives. 
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Chapter 5 gives experimental results and examines the effect of incorrect interpole 
strength and armature defects, such as open- and short-circuit armature coils, on the 
armature and field currents of DC motors. In particular, the practical difficulties of 
current monitoring of DC motors are described. 
Chapter 6 develops mathematical models for the DC motor under steady state 
operation in which each armature coil is modelled individually. In this way, both 
open-circuit and short-circuit armature coils can be realistically simulated and their 
effect on the armature and field current can be predicted. 
Chapter 7 of this thesis provides a conclusion of the work that has been done and 
gives some suggestions for future work on the topic. 
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Chapter 2 
Condition Monitoring Techniques 
for the Induction Motor 
2.1 Introduction 
Developments in motor monitoring techniques have progressed rapidly in the past 
decade. Some of the techniques are available commercially. This chapter gives a 
review of electrical monitoring techniques of induction motors. Vibration monitoring 
will be described in some detail because, although it is not an electrical parameter, 
there is a section later in this chapter that attempts to detect such faults by an 
electrical technique. 
In order to select the appropriate parameters for condition monitoring, it is necessary 
to know the manner of motor failure. Faults that occur in induction motors may be 
divided into four main groups: bearing faults, stator faults, rotor faults, and others, 
such as shaft coupling, external devices, brush-gear and slip ring faults [23-27]. 
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2.2 Motor Bearing Faults 
Rolling-element bearings are normally used in the NEMA frame sizes of induction 
motors [28]. They have two rings, an inner and outer, between which a set of balls or 
rollers rotates in the raceways. The service life of a rolling-element bearing is 
determined by material fatigue and wearing of the running surf aces. Premature 
bearing failures can be caused by a large number of factors; the most common are 
fatigue, wear, plastic deformation, corrosion, brinelling, poor lubrication, faulty 
installation, and incorrect design [29-32]. Quite often there can be overlap between 
factors, or a bearing may start to fail in one particular mode that then leads on to 
other failure modes. When a small fissure appears at the surface of the raceway, 
continued use causes the affected area to expand rapidly, contaminating the 
lubrication and causing localised overloading over the entire circumference of the 
raceway. Rough running and failure of the bearing will eventually result. 
Mechanical vibration is generated by the defective rolling-element. There are 
characteristic frequencies, which are related concisely to the bearing dimensions and 
the rotational speed of the machine. Vibration analysis is universally used to monitor 
these frequencies and hence to give warning of bearing deteriorations. It is very 
effective. 
A paper by Filbert [33] described the routine detection of faults in the bearings of a 
universal motor for a washing machine by spectrum analysis of current. My interest 
in bearing problems was started by Scheon [34], who suggested that the stator current 
of induction motors could contain frequencies related to the vibrational frequencies. 
His experimental results illustrated that the frequency components in the stator 
current may be used to identify a bearing fault if it is severe enough. Because of these 
two cases where bearing faults are detected by looking at the spectrum of the motor 
current, the next subsections analyse the rolling-element bearing frequencies in some 
detail. 
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2.2.1 Bearing Fault Detection Using Machine Vibration Spectrum 
Vibration analysis has been widely used for bearing fault detection and diagnosis. 
There are a number of transducer types existing for measuring vibration, including 
velocity transducers, accelerometers, microphones, and lasers. Smith [35] used lasers 
and microphones for non-contacting vibration measurement. The surface velocity of 
the machine is measured by the laser using the Doppler shifting principle. Surface 
acceleration can be derived electronically by differentiation of the velocity signal. 
High-Frequency Structural Resonance 
Vibration Signal 
The Envelope of the Vibration Signal 
Figure 2.1: The outer race defect and the envelope analysis of vibration signal 
The measurement of machine casing acceleration is the most common method of 
bearing fault detection [36]. An accelerometer is attached to or near the bearing 
housing. This will allow the bearing vibration to transmit readily through the 
structure to the transducer. When localised bearing faults occur, such as a crack in 
one of the races shown in figure 2.1, sharp impacts will excite structural resonance at 
its natural frequency. A high frequency damped oscillation occurs in the measured 
vibration signal at each impact. This gives rise to a series of very short "pings" which 
occur at the rate of the balls passing the defect. The resulting waveform is actually an 
amplitude-modulated waveform, ie the oscillating frequency is amplitude modulated 
by the pings. Spectrum analysis of this signal will give a component at the oscillating 
frequency of the race and there will be sidebands around it, spaced apart by the Ball 
Pass Frequency Outer. It is one of the characteristic bearing defect frequencies that 
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are based on bearing dimensions. These frequencies are summarised in table 2.1, 
where D is the pitch circle diameter of the bearing, d is the ball diameter, a is the 
contact angle of the rolling-element on the races, Z is the number of rolling elements, 
andfrt is the shaft speed frequency. In practice, early detection of these frequencies in 
a machine vibration spectrum is very difficult. The oscillating frequency is too high 
(often Sk:Hz to lOk:Hz) to pick up reliably and the sidebands are usually marked by 
the background noise level. 
Bearing Element Frequency Equations 
Inner race defect : Ball Pass Frequency _ -zt{ 1 + ~ cos a) Inner 
fbpfi -
2 
Outer race defect : Ball Pass Frequency _ -zt,.{ 1- ~cos a) 
Outer 
fbpo -
2 
Defective Roller Cage Rotational t,.{ 1- ~ cos a) 
frequency fc = 2 
Ball Spin Frequency 
_ -fn~1-(~cosar) 
fbsf -
2d 
Table 2.1: Summary of the general bearing defect frequency equations 
Envelope analysis or Demodulated technique is one of the prominent signal 
processing techniques for early detection of rolling element bearing faults [37]. This 
technique enables the high frequency oscillation of the bearing race to be separated 
from the rest of the characteristic bearing defect frequencies. The vibration signal 
obtained from the accelerometer is passed through a high pass filter with a comer 
frequency of 2k:Hz. This filter removes all the low frequency components due to 
rotation, and effectively isolates the modulated natural frequencies. This waveform is 
then demodulated to obtain the envelope. Figure 2.1 illustrates the outer race defect 
and the Envelope analysis of the vibration signal. Spectrum analysis of the resultant 
signal will produce a prominent fundamental component and its harmonics at the 
Ball Pass Frequency Outer. The bearing type must be known to specify the bearing 
fault frequencies. Most commercial monitoring systems have a library of bearing 
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numbers for reference that allows very accurate diagnosis. 
2.2.2 Spectrum Analysis of Stator Current for Bearing Damage 
Detection 
12 
Schoen et al. [34] have investigated the feasibility of detecting bearing faults using 
spectrum analysis of stator current of an induction motor. Any mechanical 
displacement resulting from the damaged bearing causes the air gap of the motor to 
vary in a manner that can be described by rotor eccentricity. Hence, these variations 
generate stator current at predictable frequencies, fbf , related to the vibrational and 
electrical supply frequency. Let fbaf be the characteristic bearing defect frequency 
summarised in table 2.1, 
(2.1) 
where fl is the supply frequency and m = 1, 2, 3, ... 
As an example, bearing fault frequencies were detected during tests in industry. 
Vibration monitoring is carried out by maintenance engineers in ANM Boyer. Figure 
2.2 shows a vibration spectrum of a three-phase, 415V, 350HP, 1478rpm, induction 
motor (No. 15-1853 in ANM, Boyer) coupled via a gearbox to a vacuum pump. The 
bearings that associate with the system are MRJ4.5EM (motor bearings), SKF22218 
(bearings of gearbox), and TMK 67700 (bearings of the pump shaft). "E" highlights 
where the Ball Pass Frequency Outer (BPFO, outer race defect frequency of the 
specified bearing by the commercial monitoring systems) and its harmonics of the 
motor bearings (158.8Hz and its multiples) should be. 
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The defect frequencies are not significant at this measurement. It only shows a few 
running speed harmonics and a low level noise floor at low frequency range. 
Significant vibration energy can be found around the 2kHz range. The prominent 
component at about 1600Hz is due to the rotor slots. 
The vibration signal was passed through a 2kHz high-pass filter and demodulation 
was caried. Figure 2.3 shows the coresponding frequency spectrum of the 
demodulated signal. It shows the actual BPFO of the motor bearings at 151.4Hz (wel 
above the reference noise floor) and its second harmonic as wel. Running-speed-
related harmonics are also indicated in the demodulated spectrum. 
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From Schoen's analysis, in this case, the frequency components in stator current 
spectrum corresponding to the BPFO in the vibration signal is at l 51.4 ± SOI Hz, ie 
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201.4Hz and 101.4Hz. The corresponding stator current was monitored with the clip-
on ammeter. The waveform was sampled at 5kHz and 65536 data were captured. 
Figure 2.4 shows the spectrum of the stator current. Significant time harmonics can 
be found at 100.2Hz, 150.3Hz and 200.4Hz. We could not detect any frequency 
components related to BPFO. 
For the experiment conducted by Schoen, the outer race defect was simulated by 
drilling a hole through the outer race of the shaft-end bearing of the tested motor. The 
sharpness of the impact so produced is much higher than would occur in a "normal 
defect". In practice, at the early stage of the defect, before the localised damage on 
the race surface occurs, the sharpness of the impact is much lower. The amplitude of 
the defect frequency is very small in the original vibrational spectrum. The 
mechanical displacement caused by the outer race defect is not significant and neither 
is the air gap variation. The amplitude of the frequency components related to the 
vibrational characteristic frequency is well below the noise level of the stator current 
spectrum. 
2.3 Stator Insulation Defects 
The condition of the insulation system is a function of thermal, electrical, 
environmental and mechanical factors plus the type of duty of which the motor is 
subjected. In normal service, tum insulation failure can be precipitated by voltage 
surge-related puncture, partial discharge deterioration, and long-term degradation [6]. 
However, it is possible for partial discharge deterioration alone to cause winding 
failure. 
Most large high voltage induction motors have multi-tum coil stators. The insulation 
system for such a coil consists of the groundwall insulation and the strand and tum 
insulation. If voids occur within the insulation due to manufacturing defects, or due 
to the capacitive voltage division effect, some voltage will be placed across these air 
pockets. If the voltage is high enough, the electric stress will be higher than the 
breakdown strength of air and a spark will occur in the air pocket. The spark is 
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stopped by the solid groundwall insulation, but repeated sparking will gradually 
erode a hole in the insulation. This process is called partial discharging [38]. 
At rated voltage, partial discharge activity internal to the insulation adjacent to 
conductor or in the bulk of the groundwall will become serious if the strands of the 
conductor become loose. Partial discharge activity on the outside of the groundwall 
insulation in the slot area can lead to high intensity slot discharge, which can rapidly 
erode the groundwall of stator insulation [39-41]. 
The integrity of high-voltage motor stator windings is checked partly on the basis of a 
partial discharge test with the motor shut down. It requires a lengthy testing outage, 
and therefore may be inconvenient to perform frequently [28]. An improvement is 
reported by Sedding et al. [42], who developed an on-line partial discharge test 
system that can be performed by non-specialised maintenance personnel. 
For low voltage motors on mains frequency supplies, the partial discharge effect is 
insignificant. Increase in winding vibration and negative-sequence components of 
voltage and current can give an indication of stator defects [1,10]. 
Natarajan studied the winding insulation failure of a three-phase induction motor by 
sensing the residual stator current [11]. To do this, the three-phase conductors are 
passed through a current transformer and a current will flow in the current 
transformer secondary. 
The use of insulated-gate bipolar transistors (IGBT) in variable frequency drives 
allows the drives to produce high frequency (close to 20.kHz), steep-front voltage 
pulses (2500V /µsec [ 42]). Such a fast-rise time surge lead to complex propagation 
processes in the stator windings. The effect of this on the insulation is the major 
concern. For example, Persson et al. [43] simulated the PWM inverter voltage 
amplitudes and rise times. Possible problems with long motor cables and short rise 
times were discussed. High-frequency radiation [44] and inductive effect [45] has 
also been considered. 
The overall effect is that the insulation of the stator winding is subjected to increased 
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dielectric stress. The key point is that the original motor design for operation on 
sinewave 50Hz (or 60Hz) will have significantly reduced dielectric life [46-47]. The 
higher voltage from PWM supplies could result in partial discharge [42]. 
In general, stator winding defects rapidly become complete failure of the insulation, 
and are immediately detected by motor protection circuitry. 
2.4 Rotor Eccentricity 
There are two types of rotor eccentricity: static and dynamic. Static eccentricity is 
where the rotor is displaced from the stator bore centre but is still turning upon its 
own axis. The air-gap length varies only with position around the bore and is 
independent of movement. Dynamic eccentricity is where the rotor is turning upon 
the stator bore centre but not on its own centre. The air-gap length varies with both 
position and rotor movement [51]. The either type of rotor eccentricity may be caused 
by incorrect bearing position during assembly, worn bearings, bent rotor shaft, or 
misalignment between the rotor and mechanical load [50, 56]. Eccentricity causes a 
force on the rotor that tries to pull the rotor even further from the stator bore centre. 
In the case of static eccentricity, this is a steady pull in one direction, while dynamic 
eccentricity produces an unbalanced magnetic pull (UMP) on the rotor, and rotates at 
motor speed. Both cause the stator harmful vibration and further increases bearing 
wear. It is also feasible for a rotor-to-stator rub to occur with severe damage to the 
core, stator insulation and even breaking of rotor cage bars and end rings [51-54]. 
Stray flux and axial flux can be used to monitor these defects. Any distortion in the 
air gap flux due to these defects will change the flux pattern [7-9]. Verma and 
Natarajan [58] studied the changes in the air gap field as a function of static 
eccentricity using a search coil in the stator core. Ellison and Yang [57] verified from 
tests that slot harmonics in the acoustic noise spectra were functions of static 
eccentricity. 
Spectrum analysis of line current can be used to detect air-gap eccentricity in three-
phase induction motors [13-15,17,20,48-49]. Thomson [50] has reported that even 
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purely mechanical problems in induction motor drives may be detected by 
monitoring the low-frequency sideband components of the line current. Boyle et al. 
[56] showed that dynamic air gap eccentricity and misalignment between the motor 
and mechanical load can induce distinctive frequencies in the current. 
Dorrell et al. [55] developed a model to determine the unbalanced magnetic pull 
(UMP) produced in induction motors with an eccentric rotor. The model used the 
conformal transformation technique coupled to a winding impedance approach. He 
showed that the static UMP reduces significantly by using parallel paths in the stator 
windings. The influence of rotor skew on the UMP with dynamic rotor eccentricity 
was considered [53]. They also investigated the combined effect of static and 
dynamic eccentricity on induction motors [57]. A theoretical analysis was given to 
show that both static and dynamic eccentricity is present as sideband components on 
the supply frequency in current. The degree of static and dynamic eccentricity and the 
motor load have large influence on the amplitude of these sideband components [52]. 
2.5 Open and Short-circuit winding turns of Wound Rotor 
Motors 
Wound rotor motors can have defects in brazed joints and slip-ring connections. 
Overheating of the rotor can also be caused by current unbalance in the external 
resistors connected to the slip-rings. The problem is difficult to detect because the 
rotor currents are at very low (slip) frequency. Ellison et al. [61] used an air-core 
wound around the cables to the external resistors from the slip-rings to measure the 
residual rotor current. Kamerbeek [62] used a search coil fixed to the stator to detect 
rotor defects, but had difficulty fitting a sensor on industrial motors. 
2.6 Broken Rotor Bar Detection of Cage Rotor Motors 
The last type of rotor-related fault, which only occurs in cage rotor motors, is a 
broken rotor bar. The centrifugal and magnetic forces on the rotor bars are very high 
during starting. When they combine with the forces due to thermal expansion, rotor 
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bars may move slightly in the slots. This may cause cracking to occur between the 
rotor bars and end rings, resulting in a high resistance joint. The heating caused by 
this can result in further damage to the bars and end rings as wel as to the 
laminations. 
Early indications of the broken rotor bar are pulsations in the motor speed. Gaydon 
[64] has shown that the double slip-frequency variation in rotor speed caused by 
broken rotor bars can be detected by a shaft-coupled speed transducer [65]. Other 
techniques such as vibration monitoring [14], single-phase power monitoring [66], 
electromagnetic torque monitoring [67-68], rotor temperature monitoring [69] and 
model-based parameter estimation [70-72], have been used. 
There has been considerable research on stator current monitoring for early detection 
of broken rotor bars [13-21, 33]. Most relies on the fact that a broken rotor bar 
produces unbalanced impedance in the rotor. This results in a disturbance in the air 
gap flux patern, which in turn is linked into stator flux and current, and produces 
additional frequency components in the stator curent. Hargis et al. [73] have shown 
that the double slip-frequency modulation of the stator current due to broken rotor 
bars can be detected using spectrum analysis. Figure 2.5 shows a typical stator 
current spectrum with upper and lower sideband [65]. 
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Figure 2.5: Typical stator current spectrum showing upper sidebands and lowers 
sidebands [65] 
Chapter 2. Condition Monitoring Techniques of the Induction Motor 20 
Hargis and Gaydon [73] were the first predict the number of broken rotor bars 
theoretically from the current spectrum and detail basic motor design. Thomson [16] 
studies this experimentally and found that the case histories from industry suggested 
that analysis from [73] underestimates the number of broken rotor bars. 
Kliman et al. [76] developed a computer-based instrument to detect these. The 
diagnosis is based on an analysis by Deleroi [77]. This instrument is sensitive enough 
to detect the presence of a single broken, or even cracked, bar while the motor is 
running at full load. Chapter 4 discusses these in more details. 
Elkasabgy et al. [74] did a finite element model of the flux pattern in a motor with a 
damaged rotor bar. The model predicted the resulting torque. They also tried several 
methods of detecting the rotor damage, on a real motor including measurement and 
analysis of voltage induced in internal stator tooth tip search coil, and an external 
search coil placed against the motor frame, measurement and analysis of stator 
current and shaft torque. 
Tavner et al. [75] developed a portable Induction Motor Current Analyser (IMCA) to 
monitor the stator current. The input probe of the analyser can be clipped directly 
onto the supply cable of the motor. The signal from the probe is digitised and a 
spectral analysis is carried out over a narrow band close to the supply frequency 
using a digital heterodyne and Fast Fourier Transform. The spectrum is then searched 
for the additional frequencies. The interpretation of the result is shown on a display 
that can also give warnings. The process is fully automatic. 
Different motor theoretical models allow rotor faults to be modelled, and to quantify 
the amplitude of the fault related frequency components in the stator current. Vas et 
al. [89] established a transient model in the rotor reference frame with rotor 
asymmetry. He concluded that the information on broken rotor bars obtained from 
current during a transient test is restricted. The detection of spectrum line in the 
steady state current is more effective. Paterson et al. [90] developed a finite element 
model based on a test rig to allow rotor faults to be modelled. The predicted 
amplitude of the double slip-frequency sideband components is two to three times 
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higher than the measurement although speed ripple and the non-linear characteristic 
of the core material were accounted. Fiser [91] presented a d-q model in rotor 
reference frame with higher space harmonics and rotor defects taken into account. 
The influence of rotor cage defects on torque and current at different slip is 
simulated, but no conclusion on the amplitude of the rotor fault-related frequencies in 
current were made. Manolas [92] developed a magnetically coupling coil model for 
transient and steady state operation. Only simulation result of motor speed and torque 
in transient operation was present. 
2. 7 Condition Monitoring of Induction Motors with Variable 
Supply Frequency (Stator and Rotor Faults) 
The popularity of adjustable speed AC drives in industrial applications is increasing 
rapidly and it is obvious that our research should explore these. Thomson [93] was 
the first to give an overview of the detection of broken rotor bar with variable speed 
drives. Cardoso and Saraiva [94] used an image pattern recognition method to 
identify the faults in a current source inverter-fed induction motor. They calculated 
the two-phase Park's vector of the supply voltage, current and flux and displayed the 
locus of these vectors on an oscilloscope. They showed that the stator winding inter-
tum short-circuits and open-circuit wound rotor fault could be detected through the 
changes in the patterns displayed. They did not apply the method on cage rotor 
motors. 
Thian [96] published a Ph.D. thesis on methods of condition monitoring of variable 
frequency induction motors. He analysed the interactions of the fault frequencies and 
the extra supply harmonics caused by the variable drive. The use of sequence 
components as a monitoring tool of electrical drives was developed. He also 
considered monitoring of current, vibration and axial flux for the detection of stator 
and rotor faults and concluded that different types of faults have different degrees of 
influence upon these parameters. 
Innes [22] examined the detection of a rotor bar defect in an induction motor 
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controlled by a variable speed drive, when the drive output frequency varies. He used 
synchronous sampling hardware, and several-advanced signal processing techniques 
lo detect the fault-related frequencies in the stator current. He also developed a 
mathematical model of the induction motor based on coupled-coil theory. PWM 
voltage waveforms were applied and stator current and its spectrum were calculated. 
The effects of broken rotor bars were included. 
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Chapter 3 
Stator Current Frequency Analysis 
for the Induction Motor 
3.1 Introduction - frequencies that could be present in the 
motor current 
The current-based condition monitoring system of the induction motor is popular 
because of its relatively simple implementation [16-17,74-76]. Current can be 
measured from the motor control cabinet by clamping a current transformer or Hall 
effect transducer around the motor supply cable. There is no need to directly access 
the motor. 
There are many other frequency components that may be present in the stator current 
spectrum. It is important to know as much as possible about the motor and the driven 
load to determine precisely which is important to indicate the condition of the motor 
or the driving mechanism. This chapter presents the formulae to predict the extra 
frequencies of an induction motor current [48,76-77] due to air gap variations and 
\ 
rotor defects. The theoretical predictions of broken rotor bar number [16,73,76-77] 
are verified by experimental results from a laboratory motor with deliberately 
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damaged rotors. The remained of section 3.1 describes how many of these 
frequencies are produced. Later sections of the chapter give the associated theory. 
The waveform of the stator current contains a fundamental frequency of 50Hz ( fs) 
plus integer multiples of 50Hz. These components are always present in the supply. 
However, the motor often adds other frequencies. Any variation in load torque can 
also affect the current. If the mechanical system is linear, the torque developed by the 
induction motor contains al the frequency components (A) of the load torque. 
Bearings, belts or chains, coupling, and gears may cause this torque oscilation. In 
most cases, the amplitude is low. However, any detectable amplitude wil cause the 
stator current to be modulated by f L and thus contain components at fs ± mf L , 
where m is an integer. 
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Figure 3.1 Current spectrum of a 350HP motor 
For example, figure 3.1 shows the stator current spectrum of a 350HP, 415V, 1475 
rpm motor (No. 15-1855 in ANM Boyer) driving a pump load through a 27:120 tooth 
gear box. The zero dB frequency is the fundamental 50Hz component. The rotational 
or speed frequency of the motor is 24.58Hz. Slight variations in the torque of the 
pump show up as multiples of the pump speed frequency 
fL = 24.58x(27+120) = 5.53Hz. These reflect back into the motor, and oscilate its 
torque at 5.53Hz. The expected sidebands of the fundamental supply current are 
summarised in table 3 .1. Al predicted frequencies except fs ± 3 f L are visible. The 
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large magnitudes at 25.33Hz and 74.69Hz are the result of rotor eccentricity. 
fs ±fL fs ±2fL fs ±3/L fs ±4fL 
44.47 Hz 38.94Hz 33.41 Hz 27.88 Hz 
55.53 Hz 61.06 Hz 66.59 Hz 72.12 Hz 
Table 3.1: The sidebands of the fundamental supply current of motor 15-1855 
The magnetomotive force (MMF) produced by the current flowing in the stator and 
rotor windings consists of a series of space and time harmonics. Variations of the 
machine's air gap are caused by factors such as stator and rotor slots, and by radial 
motion between the rotor and stator due to rotor eccentricity. These show up as 
corresponding variations in the air gap flux and hence affect the stator current 
[48,97]. 
Rotor defects may be detected by the presence of particular frequency components in 
the spectrum of the stator current. For example, a broken rotor bar causes unbalanced 
impedance in the rotor circuit and results in a disturbance in the air gap flux pattern, 
which then causes additional frequency components in the stator current. 
Fault-related frequencies should still be present in the stator current waveform of 
induction motors supplied with variable frequency; however, their detection is more 
complicated because the supply frequency is no longer constant. Essentially, it is a 
problem of dealing with a "non-stationary" signal. "Non-stationary" implies that the 
fundamental frequency varies during the sampling period. Not much research has 
apparently been done on condition monitoring of motors supplied with variable 
frequency. As the use of variable speed drives is increasing, it would seem pertinent 
to explore the subject. Sections 3 .6 to 3 .8 give a summary of previous approaches to 
the problem associated with variable supply frequency and the distorted voltage and 
current waveforms associated with commercial power electronic devices. 
3.2 Variations of Air Gap 
Variations of the motor air gap are caused by rotor and stator slots, and by radial 
motion between the rotor and stator due to rotor eccentricity. These show up as 
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corresponding variations in the magnetic flux in the motor, which in tum reflect back 
to the stator current. Cameron [48] has given an analysis based on calculation of the 
magnetic flux variations frequencies in the air gap from the product of permeance 
and MMF. His results for the extra frequencies are 
(3.1) 
where fs is the supply frequency in Hz, s is the per unit slip, pp is the number of 
pole-pairs, R is the rotor slot number; nrt, nde, nsa and nws are integers. The 
subscript rt denotes the rotor slot, de denotes the dynamic rotor eccentricity, sa 
denotes the saturation and ms denotes the stator time harmonics. 
Obviously equation (3.1) produces many additions and subtractions of frequencies. It 
is important to note that the layout of the stator winding, and its distribution factors 
and coil span factors, will have a very significant effect on which frequencies will 
actually appear in the current. Also, these harmonics are often present in the stator 
current in even a "good" motor. They are typically of amplitude less than 1 % of the 
fundamental but can be detected reliably and accurately. A change in their amplitudes 
relative to the fundamental obviously indicates a change inside the motor. 
3.3 Prediction of Broken Rotor Bars 
Analysis from previous research work [13,73] has shown that the stator current 
variation due to rotor defects produced sidebands at ±2sfs around the fundamental 
supply current frequency fs. Hargis and Gaydon [73] first tried to quantify the 
number of broken rotor bars by the following equation: 
R = sin(a) 
s 2pp(2n-a) 
where a= 
2
1l:npp for n contiguous broken rotor bars and with n << N 
N 
(3.2) 
Rs is the ratio of the amplitude of the lower sideband at ( 1- 2sfs) to the amplitude 
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of the fundamental frequency fs , pp is the number of pole-pairs of the stator 
windings, and N is the number of rotor bars. 
The dB version of equation (3.2) can be determined as [16,98] 
2N 
n=-...,------
Rdn 
10 20 +2pp 
(3.3) 
where RdB is the dB difference between fs component and the lower sideband 
component at (1-2s)fs. 
Thomson [16,18] used equation (3.3) to check for one broken bar. He verified 
experimentally that equation (3.3) underestimates the number of broken rotor bars by 
40 % lower than the actual number. He considered the effect of varying motor load 
on the prediction of broken rotor bar number and also verified that the double slip-
frequency sideband around the slot harmonics can indicate rotor fault. 
Kliman et al. [76] examined the frequency spectrum of the line current and based 
their diagnosis on predictions from an analysis by Deleroi et al. [77]. Their analytical 
expression for the frequencies that are present in the air gap flux is 
(3.4) 
where ner is the order of the rotor space harmonics and nmr is the order of rotor time 
harmonics (both are integers). They pointed out that it is possible to use the 
(1- 2s )J s component as a criterion of rotor health. A computer-based instrument was 
developed. It performs two basic functions, signal processing and implementing the 
decision algorithm, to convey the status of the rotor cage to the operator. Two 
different sets of decision rules are implemented in the decision algorithm: 
(1) The trending decision algorithm 
The instrument is set up to compare two tests run on the same motor at different 
time. The decision rules are: 
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• If the change of (1-2s )fs is less than 20 dB, the tested motor is declared to be in 
as good condition as it was at the time of the previous test. 
• If the change of (l-2s )fs is larger than 20 dB, than the (1+2s )fs, (1±2ns )fs 
and the double slip-frequency sidebands around higher time harmonics are 
examined. Any of them have changed significently, a 'broken bar' is declared. 
(2) The single test algorithm 
This algorithm allows one to determine the presence of broken bars from a single 
test. The criterions are: 
• If (1- 2s )fs < -60dB (relative to 50Hz), the tested motor probably has no rotor 
fault. 
• If (1- 2s )fs > -54dB, there is probably a cracked rotor bar. 
• If (1- 2s )fs > -50dB, there is probably a broken rotor bar. 
The relative amplitude of double slip-frequency sidebands centred on higher time 
harmonics is also examined (equation (3.4)). If these have increased by at least lOdB, 
relative to the value when the motor was known to be in good condition, then it is 
more certain that there is rotor damage. The authors made no attempt to estimate the 
number of broken rotor bars. 
3.4 The Effect of Broken Rotor Bar on Frequency Harmonics 
caused by Rotor Eccentricity and Slot Harmonics 
The analysis is based on Penman's paper [9], in which a master table was established 
for all extra frequency components induced in the stator current due to different 
unsymmetrical fault types. 
The classical theory predicts that the variation of the air gap flux density caused by 
rotor eccentricity can be expressed in the stator reference frame [98] as 
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where ()s is an angle between the s a o~ datum and an arbitrary point on rotor and 
fr=(l-s )i /pp is the speed frequency. These (Js ± i,) components create an air gap 
disturbance whose frequencies may be the same as with the broken bar. For example, 
the (is± i,) components of a 4.5kW, six-pole three-phase induction motor 
operating at 0.04 per unit slip, wil be "submerged" with (1 ± 8s )is components. 
Let 0, be an angular separation between an arbitrary point on rotor, with respect to 
the rotor datum, where 
(3.6) 
Equation (3.5) can be transferred to the rotor reference frame by substituting equation 
(3.6) into (3.5) to give 
B, (11, t) = B1 co{(1 ; + ' t -pp11,] + B2 co{(1; -+, t + pplt-] (3.7) 
Asymmetry on the rotor introduces components in the air gap flux density that can be 
expressed as 
(3.8) 
Transfers equation (3.8) back to the stator reference frame by substituting (3.6) into 
(3.8) gives, 
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B1co{(1;; +l}st- pp8s ]+ 
B1co{(1;-1+2s }st+ pp8s ]+ 
Bz co{(1;;-1}st+ pp8s ]+ 
B2co{(1;;-1-2s }st+ pp8s] 
30 
(3.9) 
If the time harmonics are taken into account, in general the extra frequencies of the 
air gap flux density are given as 
(3.10) 
where nbe is positive integer and nms is the order of the time harmonics. 
Table 3.2 illustrates the extra frequency components that are caused by the effect of 
broken rotor bar on the (Js ± fr ) with the third and fifth time harmonics taken into 
account. 
The analysis is equally applicable to the slot harmonics. In general, a corresponding 
set of extra harmonics could therefore be expressed as 
{
R(l-s) } 
fbs = pp +nms ±2nbes fs (3.11) 
where R is number of rotor slots. 
Chapter 3. Stator Current Frequency Analysis for the Induction Motor 31 
nbe Frequency factor 
1 [(1-s)/ pp]+l 
[(1-s)/ pp]+1+2s 
[(1-s)/ pp]-1 
[(1-s)/ pp]+l-2s 
3 [(1- s )! pp ]-1+2s 
[(1-s)/ pp]+l+2s 
[(1-s)/ pp]+l-4s 
[(1-s)/ pp]-1-2s 
5 [(1-s)/ pp]-1+6s 
l(l-s)/ pp]+l+4s 
[(1-s)/ pp]+l-6s 
[(1-s )! pp ]-l-4s 
Table 3.2: The effect of broken bar on (ts ± fr) components 
3.5 Test Results of a 4-pole 7.5kW Laboratory Motor with 
Mains Supply and Zero, One, or Two Broken Rotor Bars 
In order to monitor one phase of the stator current, a Hall effect clip-on ammeter was 
used (Appendix A4.l). The voltage from the ammeter (proportional to the current, 
and of sensitivity lmV per ampere) was amplified and filtered to remove high 
frequencies that may be aliased when sampling. The output of the filter was sampled 
at 5kHz, digitised with a 12 bit ADC (Appendix A5). 65536 samples are captured for 
each measurement and result stored in a portable computer. 
Motor speed was initially estimated by assuming that slip is proportional to power, 
and that power is proportional to current as long as the motor is at more than 50 % 
full load. (The rating plate gives speed at rated load). The estimated speed and the 
rotor slot number were used to establish the frequency range in which to search for 
the rotor slot harmonics. Slip and speed of the motor were then recalculated much 
more accurately and finally the double slip frequency components could be located 
confidently. 
The motor under test was a three phase 7.5kW Pope motor with 32 rotor slots 
(Appendix Al.1). It had a good rotor and two deliberately damaged rotors. One of the 
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damaged rotors had one bar cut through at the end ring and the other had two 
adjacent cut rotor bars. It was mechanically loaded by a DC generator and resistor 
combination. Experimental tests were conducted at 0.0273 per unit slip with the good 
rotor, 0.0297 per unit slip with the one cut bar rotor, and 0.0292 per unit slip with the 
two cut bars rotor. 
The frequency spectra shown in figures 3.2, 3.4, 3.6, and 3.8 show the double slip-
frequency sideband components around the supply frequency, third, fifth, and slot 
harmonics with the good rotor. The double slip-frequency sideband components 
(1±2s)fsand fs ±fr sidebands exist at 47.23Hz with-52.9dB and 52.72Hz with-
54.8dB; and 25.63Hz and 74.31Hz with-66.86dB and-65.96dB. The third harmonic 
and its ± 2nsfs sidebands are very small amplitude compared to the fifth harmonic, 
as would be expected for a delta-connected motor, shown in figures 3.4 and 3.6. 
Figure 3.8 shows the fundamental slot harmonic and its ± 2sfs sideband components 
at 827 .6Hz, 824.9Hz and 830.3Hz respectively. 
Figures 3.3, 3.5, 3.7, and 3.9 show the current spectra of the same motor but with the 
one cut bar rotor. The (1 ± 2s )is components have the largest amplitude, as shown in 
figure 3.3 at 47.00Hz and 52.9Hz with-47.3dB and-45.2dB (increased by 5 and 10 
dB respectively) while the (1±16s)fs sideband components (at 26.17Hz and 
73.78Hz) do not change significantly. The change of the amplitude of the upper 
sideband component is less than the lower sideband. The upper sideband results from 
the third harmonic of the supply and speed oscillations [131], which may cause the 
less change in amplitude of the upper sideband component with rotor fault. 
Another interesting result at the supply frequency range is the ± 2nsfs sidebands 
around the fs ±fr components, shown in figures 3.10 and 3.11. Significant peak can 
be found at 28.69Hz (fs-fr-2sfs), 71.26Hz (fs+fr-2sfs), and 77.21Hz 
( fs + fr + 2sfs ). It can be noticed that these components are located closely to the 
± 14sfs and ± 16sfs sideband components. When the motor is operating at 0.0303 
per unit slip, the ( fs + fr + 2sfs ) will merge to (1+14s) fs , the ( fs - fr - 2sfs) will 
merge to (1-14s) f s , and fs ± fr will merge to (1 ± 16s) fs , and so on. 
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The ± 2nsfs sideband components centre on slot harmonics, third, and fifth 
harmonics with about lOdB increase in the relative amplitude when the motor has the 
'one cut rotor'. 
When the motor had two cut rotor bars, the pattern of the current spectrum was the 
same as for on broken rotor bar, but with higher relative amplitudes of the multiple of 
double slip-frequency components (another lOdB higher). The (1±2s )fs 
components have the largest amplitude with -33.8dB (lower sideband) and -34.ldB 
(upper sideband) respectively. There are also relatively low increases in relative 
amplitude of the sidebands centred on 150Hz. The relative amplitude of the fault-
related components are in tables 3.3 to 3.7 for all three different rotors. 
Frequency Rotor with no cut Rotor with one cut Rotor with Two Cuts 
Factor at s=0.0273 at 5=0.0297 at 5=0.0292 
Hz dB Hz dB Hz dB 
l-16s 28.03 -51.48 26.22 -53.40 26.66 -54.87 
l-14s 30.77 - 29.20 -63.34 29.58 -63.83 
l-12s 33.52 - 32.17 -63.46 32.50 -57.61 
1-lOs 36.27 - 35.14 -59.55 35.41 -60.18 
l-8s 39.01 - 38.11 -58.50 38.33 -54.68 
l-6s 41.76 - 41.08 -61.51 41.25 -57.44 
l-4s 44.51 - 44.06 -51.67 44.17 -47.96 
l-2s 47.25 -52.88 47.03 -47.30 47.08 -33.49 
1+2s 52.75 -54.76 52.97 -45.20 52.92 -32.57 
1+4s 55.49 - 55.94 -64.88 55.83 -49.00 
1+6s 58.24 - 58.92 -65.32 58.75 -55.39 
1+8s 60.99 - 61.89 -66.35 61.67 -64.76 
l+lOs 63.73 - 64.86 -73.09 64.59 -67.76 
1+12s 66.48 - 67.83 -71.57 67.50 -72.44 
1+14s 69.23 - 70.80 -68.85 70.42 -68.69 
1+16s 71.97 -56.48 73.78 -59.05 73.34 -60.59 
Table 3.3: The ± 2nsf 5 sidebands on the supply frequency 
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Frequency Rotor with no cut Rotor with one cut Rotor with Two Cuts 
Factor at S=0.0273 at S=0.0297 at S=0.0292 
Hz dB Hz dB Hz dB 
l-6s-(1-s)/pp 17.45 - 16.83 - 16.98 -75.32 
l-4s-( 1-s )/pp 20.19 - 19.80 - 19.89 -
l -2s-( 1-s )/pp 22.94 - 22.77 -80.10 22.81 -71.83 
1-(1-s)/pp 25.69 -66.86 25.74 -62.19 25.73 -63.66 
1+2s-(l-s)/pp 28.43 - 28.72 -78.14 28.65 -75.77 
1+4s-(1-s )/pp 31.18 - 31.69 - 31.56 -76.52 
1 +6s-(1-s )/pp 33.93 - 34.66 - 34.48 -76.56 
1-6s+(l-s)/pp 66.07 - 65.34 -83.23 65.52 -72.09 
l -4s+(l-s )/pp 68.82 - 68.31 -82.85 68.44 -
l -2s+(l-s )/pp 71.57 - 71.29 -68.65 71.35 -58.94 
1+(1-s)/pp 74.31 -65.96 74.26 -60.41 74.27 -60.85 
1+2s+( 1-s )/pp 77.06 - 77.23 -78.58 77.19 -67.95 
1+4s+(1-s )/pp 79.81 - 80.20 - 80.11 -76.77 
1+6s+(1-s )/pp 82.55 - 83.17 - 83.02 -73.02 
Table 3.4: The ± 2nsf5 sidebands on the f5 ±fr components 
Frequency Rotor with no cut Rotor with one cut Rotor with Two Cuts 
Factor at S=0.0273 at S=0.0297 at S=0.0292 
Hz dB Hz dB Hz dB 
3-6s 141.81 - 141.09 - 141.24 -73.13 
3-4s 144.54 - 144.06 -71.07 144.16 -63.03 
3-2s 147.27 - 147.03 - 147.08 -64.98 
3+2s 152.73 - 152.97 -79.42 152.92 -
3+4s 155.46 - 155.94 - 155.84 -
3+6s 158.19 - 158.91 - 158.76 -
Table 3.5: The ± 2nsf 5 sidebands on the third harmonic 
Frequency Rotor with no cut Rotor with one cut Rotor with Two Cuts 
Factor at S=0.0273 at s=0.0297 at S=0.0292 
Hz dB Hz dB Hz dB 
5-6s 241.76 -79.04 241.08 -70.16 241.25 -62.37 
5-4s 244.51 -72.01 244.06 -50.55 244.17 -45.42 
5-2s 247.25 -68.82 247.03 -53.33 247.08 -49.49 
5+2s 252.75 -81.00 252.97 -70.25 252.92 -69.51 
5+4s 255.49 - 255.94 -79.45 255.83 -76.35 
5+6s 258.24 - 258.92 -85.28 258.75 -73.30 
Table 3.6: The ± 2nsf s sidebands on the fifth harmonic 
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Frequency Rotor with no cut Rotor with one cut Rotor with Two Cuts 
FaL:Lur at S=0.0273 at S=0.0297 at S=0.0292 
Hz dB Hz dB Hz dB 
3-2s-R(l-s)/pp 625.28 -81.90 623.25 -72.12 623.74 -64.64 
3-R(l-s)/pp 627.70 -62.03 625.70 -61.14 626.50 -58.90 
3+2s-R(l-s)/pp 630.77 -77.69 629.20 -62.30 629.58 -56.10 
3+4s-R( 1-s )/pp 633.52 - 631.60 -70.20 632.50 -71.97 
1-2s-R(l-s)/pp 725.28 -85.20 723.25 -78.01 723.74 -57.71 
1-R(l-s)/pp 727.60 -53.00 725.60 -51.62 726.50 -46.43 
1+2s-R(l-s)/pp 730.77 -80.07 729.20 -67.51 729.58 -53.41 
1+4s-R(1-s )/pp 733.52 - 732.18 - 732.50 -70.29 
l-4s+R(l-s)/pp 822.70 - 820.03 - 820.70 -61.41 
l-2s+R(l-s)/pp 825.28 -67.70 823.25 -57.81 823.74 -44.64 
l+R(l-s)/pp 827.60 -34.90 825.50 -33.70 826.60 -32.52 
1+2s+R(l-s)/pp 830.77 -64.41 829.20 -59.78 829.58 -44.57 
1 +4s+ R( 1-s )/pp 833.52 - 832.18 - 837.50 -63.22 
3-4s+R(l-s)/pp 922.53 - 919.50 -73.52 920.70 -64.18 
3-2s+R(l-s)/pp 925.28 -76.90 929.20 -70.52 929.58 -55.24 
3+R(l-s)/pp 927.50 -48.20 925.40 -45.77 926.60 -43.57 
3+2s+R(l-s)/pp 930.77 -83.40 923.25 -63.07 923.74 -56.88 
Table 3.7: The ± 2nsf5 sidebands on the slot harmonics 
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The accuracy of the prediction from 'single test' diagnostic algorithm [76] and 
equation (3.3) [16,18] is verified by using the (1-2s )is component from the above 
measurements. For the good rotor case, from the prediction of the 'single test', the 
motor wil mostly likely have a cracked rotor bar since the relative amplitude of 
(l-2s)is components is between -50 and -60dB (-52.9dB). However, from 
equation (3.3), the predicted number of broken rotor bar is 0.14, which suggests that 
the rotor is in good condition or has a very smal crack. The presence of ± 2si s 
components is due to normal manufacturing tolerance variation in the rotor bar 
resistance and end ring joints resistance. 
In the case with one broken rotor bar, the prediction from Kliman is that there is 
probably a broken rotor bar, as the amplitude of the (l-2s )is is -47.3dB (ie greater 
than -50dB) and the prediction from equation (3.3) gives 0.43 broken rotor bar, 
equivalent to a cracked bar. However, the prediction from the two broken rotor bars 
case gives 1.9 broken rotor bars, which almost matches the actual number, while the 
Kliman criterion say that there is definitely a broken rotor bar. 
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The tests also verified that when rotor damage increases, not only the relative 
amplitude of (1 ± 2s )fs increase, but also the ± 2nsfs sideband components on 
fs ±fr components, third, fifth and slot harmonics. The change of the relative 
amplitude of these components shows the severity of the rotor defect, and the 
appearance of all ± 2nsfs sidebands centred on fs ± fr components, slot harmonics, 
50, 150, and 250, harmonics is also a distinct feature of the damaged rotor [76]. 
3.6 Electrical Interference from Variable Speed Drives (VSD) 
for Induction Motors 
The prediction of extra frequencies in the stator current produced by rotor defects 
such as a broken rotor bar and rotor eccentricity, for a motor on 50Hz sinusoidal 
(mains) supply are in the section 3.3. Fault-related frequencies should still be present 
in the stator current of motors connected to a VSD. The VSD produces a variable 
frequency output waveform by converting the mains input into DC by either a 
controlled or uncontrolled rectifier, and then inverting it to produce AC of variable 
magnitude and frequency. A very common type is the pulse-width modulated (PWM) 
inverter supplied by a diode (uncontrolled) rectifier as shown in block diagram form 
in figure 4.1 [99]. The PWM inverter uses a sinusoidal modulating wave with a 
triangular carrier wave to drive the power semiconductor switches, which chop the 
DC voltage source into a series of pulses whose envelope approximates a sinusoidal 
voltage. The frequency of the modulating sinewave determines the output frequency 
of the drive. 
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Figure 3.12: Pulse width modulated inverter drive 
There are two difficulties with a PWM drive: the first is that the voltage and current 
waveforms are not sinusoidal, the second is that the frequency may change during the 
sampling period. However, in addition to these, there is another non-trivial problem: 
the electrical interference it produces due to the chopped nature of the stator voltage. 
Figure 3.13 shows a current waveform measured on the Pope motor supplied by a 
PWM drive at fixed frequency. Current was monitored using a Fluke Hall-effect type 
clip-on ammeter. The same type was used successfully for the measurements 
described in section 3.5. It provides 1 millivolt per ampere, and is rated up to 1000 
amp DC or 700 amp AC. The ammeter used in figure 3.13 obviously suffers from 
massive interference from the particular PWM drive, even with some shielding added 
to the ammeter. An analogue filter can reduce but not eliminate this level of noise, 
which still causes a problem with the data acquisition. 
As an alternative, a fully shielded wire-wound current transformer with a matched 
load, the Fischer Custom Communications Inc. RF current probe (Appendix A4.2), 
was used. This has excellent immunity to noise, as in figure 3.14. However, during 
the measurements of motor currents in industry, we found that there was often not 
enough distance between the three-phase cables in the motor control cubicle to clip 
the Fischer probe over a cable. Probe outside diameter is about lOOmm. Another 
drawback is that it has a phase error of about 30° at 50Hz which is a problem when 
currents had to be measured accurately enough to be able to compute the input motor 
power. 
Because of these drawbacks of the Fischer probe, a split core current transformer 
(CT) was designed to have an acceptable level of interference in the current 
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waveform that goes to the computer. The CT provides 1 volt per 20 ampere and has 
3.6° phase error for 80 amp 50Hz current (Appendix A4.3). Figure 3.15 shows the 
current waveform of a PWM drive using the CT. There are very few spikes compared 
with figure 3.13 and 3.14. The lower frequency response was not a problem since we 
were not interested in the very high frequencies. 
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Figure 3.13: Current waveform for PWM drive picked up by Hal-efect clamp-on 
ammeter 
[It should be noted that Mr. R. Langman did the initial design of the split core CT.] 
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Figure 3.14: Current waveform for PWM drive picked up by Fischer RF current clamp 
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Figure 3.15: Current waveform for PWM drive picked up by CT 
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3.7 Test Results of the 7.5kW Pope Motor Supplied at Fixed 
Frequency from a Variable Speed Drive (VSD) 
The 7 .5kW Pope motor with a good rotor was supplied by an ABB SAMI SG 
variable speed drive (Appendix A3.3). It was operated at fixed frequency, 50Hz, at 
full load condition. The line current waveform was captured by the split core CT. 
Figure 3.16 shows the current spectrum from 20 to 80Hz. The background noise level 
is 15 to 20dB higher compared to the mains supply case (figure 3.2). The double slip-
frequency sidebands exist at 47.07Hz and 52.87Hz with -50.3dB and -56.5dB 
respectively. The fs ± f, sidebands also exist at 26.63Hz and 73.32Hz. 
The ± 2nsfs sidebands centred on fs ± f, components, slot harmonics, third, and 
fifth harmonics could not be distinguished due to the higher noise level. If the 
(1- 2sfs) amplitude is used to predict the broken rotor bar, Kliman's criterion [76], 
states that it is mostly likely to have a cracked bar. Using equation (3.3), the 
predicted number of broken rotor bars is 0.31, double that of the mains supply case. 
When the rotor with one cut rotor bar was fitted to the motor, the new spectrum has 
amplitude shown in figure 3.17 (motor was delivering full-load output at rated 
speed). The double slip-frequency sidebands are -45.4dB and -46.SdB respectively. 
Figures 3.18 and 3.19 show the ±2nsfs sideband components centred on fifth and 
slot harmonics. No prominent ±2nsfs sidebands can be found around the fs ± f, 
components, the slot harmonics, third and fifth harmonics. Equation (3.3) predicts 
the motor having 0.54 broken rotor bar. Kliman's criterion predicts one broken rotor 
bar. 
For the rotor with two cut bars, the relative amplitude of double slip-frequency 
sidebands are -32.0dB and -34.6dB. Equation (3.3) predicts 2.3 broken rotor bars. 
Figure 3.20 shows the fs + f, component at 74.23Hz and fs + f, -2sfs component 
at 71.26Hz. Prominent ±2nsfs sidebands can be found on third, fifth, and slot 
harmonics. 
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Figure 3.16: The sidebands on the fundamental supply frequency with the good rotor 
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Figure 3.17: The sidebands on the fundamental supply frequency with the one cut rotor 
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Figure 3.18: The ± 2nsf s sidebands on 250Hz with the one cut rotor 
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Figure 3.19: The ±2sf5 sidebands on the fundamental slot harmonic with the one cut 
rotor 
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Figure 3.20: The ± 2sf s sidebands on f s +fr component with the two cut rotor 
3.8 Induction Motors with Variable Supply Frequency 
The double slip-frequency ± 2sfs sidebands should still be present in the stator 
current waveform of induction motors supplied with variable frequency. However, 
their detection becomes more complicated. Essentially, it is a problem of dealing 
with a "non-stationary" signal, ie the fundamental frequency varies during the 
sampling period. If a data record of current waveform is sampled at a constant rate, 
the Fourier Transform will produce a blurred spectrum with no distinct peaks and a 
high noise level, as in figure 3.21 (measured on the Pope motor, with the frequency 
changed from 50Hz to 45Hz during the 12 seconds sampling period). Note that the 
sidebands themselves vary as the supply frequency changes. For induction motors of 
more than lOOkW that may have a slip at rated load of less than 0.01, the ± 2sfs 
sidebands are within ±2% of fundamental. Clearly, the 2sfi sidebands of figure 3.17 
would be hidden. 
Hardware and software ways of avoiding the blurred spectrum have previously been 
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attempted by Innes [22], and are summarised in the following sections. 
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Figure 3.21: Current spectrum with variable supply frequency 
3.8.1 Application of the Phase Lock Loop to Variable Speed Drives 
Innes [22] developed a Phase Locked Loop (PLL) synchronous sampling technique 
and applied it to variable speed operation. His current spectrum of the 7 .5kW Pope 
motor supplied by a PWM waveform is shown in figure 3.22. The motor supply 
frequency varied over approximately 5Hz in 14 seconds while the data was being 
recorded. The sidebands and supply frequency are quite clear, compared to figure 
3.21 for the same motor and test conditions but using a constant sampling rate. (Note 
that the frequency scale in figure 3.22 is misleading, ie it should be marked in "per 
unit of fundamental frequency", so that 50.33Hz becomes 1.00). 
The PLL hardware was tried on a number of drives , both in the field and the 
laboratory. It was found to perform well in some circumstances and rather badly in 
others. One difficulty was found to lie with the limited tracking range of the PLL. It 
is quite difficult to design a PLL with a wide tracking range and a good step response 
at such low frequencies. Its operation was constrained by the limited tracking range 
of approximately ±18Hz, centred about 50Hz. 
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A second, serious, problem was a "jiter" on the output waveform of one particular 
variable speed drive in the laboratory, an ABB SAMI GS (Appendix A3.3), even 
when operating at a "constant" output frequency. This jiter was occasionaly of large 
enough magnitude to cause the PLL circuit to lose lock, causing non-synchronous 
sampling to occur until it regained lock. This produces spectra with broadening of the 
supply frequency peak. 
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Figure 3.22: Stator current spectrum for fixed frequency sampling with varying supply 
voltage frequency. 
It was thought that the jiter may be due to the variation in tum-on and tum-off time 
of the semiconductor switches in the drive, as a result of varying amounts of current 
being switched [100]. It is likely that al drives may suffer this problem to a greater or 
lesser degree. Hence, the PLL method may not be that useful. However, if the circuit 
could be implemented as part of the drive itself, then the PLL could be driven from 
the power electronics control signals. This would solve the problem, as these signals 
should not suffer from frequency jiter. 
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3.8.2 Short Time Fourier Transform (STFT) 
The detection of double slip frequencies for a variable frequency drive is a non-
stationary signal processing problem. Fourier analysis can no longer cope because it 
assumes that the signal is stationary over the sampling period. However, there are 
two types of analysis that can in theory deal with a non-stationary signal. The first is 
Time-Frequency analysis, such as the Short Time Fourier Transform, and the second 
is Wavelet analysis. The basic difference is that STFT has constant resolution in both 
time and frequency, whereas in Wavelet analysis, the time and frequency resolutions 
are inter-dependent. 
Both these are recent developments, partially due to the large amount of computing 
power required. STFT calculates the Fourier Transform of the signal f(t) by 
applying a short window function g(t) centred at a particular time -r. The window is 
a shift in time along the data set and consecutive overlapped transforms are 
performed. Effectively, the STFT assumes that the signal remains stationary over the 
length of the window [101]. If the window is relatively short, this assumption local 
stationary is often valid. The time and frequency resolution of the STFT are 
dependent upon the window function. Choosing a short window will result in a 
transform exhibiting good time resolution but this reduces the sampling number used 
in the Fourier Transform calculation and the frequency resolution reduces. The 
relationship between resolution in time ( /j,.t) and frequency ( Jj,_f) is governed by the 
uncertainty principle [102] 
1 /j,_f/j,.f2::-
41Z' 
(3.12) 
where /j,.t is the transform resolution in the time domain and Jj,_f is the transform 
resolution in the frequency domain. 
Innes applied the STFT to measure stator current waveforms when the supply 
frequency is varying [22]. The waveforms were taken from the 7 .5kW Pope motor 
with a damaged rotor. (The STFT was calculated using the TFSA 4.0 package [68] 
and MATLAB® [69]. It is displayed as grey scale images where white indicates the 
highest amplitude and black the lowest. The amplitudes are plotted on a logarithmic 
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scale. Unless otherwise stated, the window length used is 1024 points. Filtering of 
the current waveform was achieved using the signal processing toolbox of 
MATLAB®). 
The STFT was first used on a mains frequency current waveform, (which is 
stationary), and the results are shown in figure 3.23. It does not have sufficient 
frequency resolution to resolve the twice slip-frequency sidebands. The frequency 
resolution can be increased by lengthening the window to include more data points. 
Naturally, this decreases the time resolution. The rotor slot frequency at 800Hz is 
about the only thing visible. 
Figure 3.24 shows the STFT when the drive frequency is steadily increased from 
30Hz to 60Hz. The fundamental frequency is visible at the bottom of the image and 
can be seen to increase slightly over time, as would be expected. The twice slip-
frequency sidebands are not visible at all. The other frequency components in the 
time-frequency plane are the result of the modulation process. The two components 
below lOOOHz decrease in frequency while the two above increase. The drive output 
frequency components include multiples of the carrier plus and minus multiples of 
the carrier frequency. As the modulating (drive) frequency increases, the sidebands 
will move away from the multiples of the carrier frequency. This occurs in figure 
3.24 up until 0.8 seconds. At this point in time, it would appear that the drive 
modulation process changes, causing the jump in frequencies. The new frequencies 
are present until about 1 second, at which point the spectrum returns to a similar 
situation to the start, except that it would appear that the carrier frequency has 
increased, and thus all components have increased in frequency. 
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Figure 3.24: STFT of stator current waveform with drive frequency ramping from 30Hz 
to 60Hz 
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Innes also applied Wavelet analysis on the same current waveform. Little useful 
information was provided from the result [22]. The application of these methods to 
the analysis of stator current waveforms was nut sm;c.;essf ul. ll seems that the 
frequency resolution is never good enough to distinguish the twice slip-frequency 
sidebands from the supply frequency and that this is a general problem in detecting 
low-level signals in the presence of larger signals. 
3.9 Summary 
This chapter has presented the theoretical express10n for the magnetic field 
harmonics in the air gap of an induction motor. It takes into account the effects of 
slotting, saturation, and rotor eccentricities and predicts extra frequencies that could 
appear in the stator current as a result. The effect of a broken rotor bar on the 
magnetic field in the air gap and on the fs ± fr components is determined. Values of 
the fault frequency components in the stator current are predicted. This basic 
information is vital for the detection of broken rotor bars in an induction motor 
supplied by a variable speed drive. 
The main fault frequencies that appear in the stator current spectrum for broken rotor 
bar detection are the double slip-frequency sidebands, resulting from the modulation 
of the supply frequency. The layout of the stator winding, and its distribution factors 
and coil span factors, will have a very significant effect on which frequencies will 
actually appear in the current. Another distinct feature of the damaged rotor spectrum 
is the appearance of sidebands centred on the fs ± fr components, all the time and 
slot harmonics. 
Prediction of broken rotor bars was also discussed. The predictions from Thomson 
[16,18] and Kliman [76] are applied to experimental results from a laboratory motor 
with deliberately cut rotor bars, with both mains and variable frequency supply. 
There is moderate agreement. 
The electrical interference produced from the variable frequency drive was discussed 
in this chapter. It included a study of the suitability of different types of current 
transducers. The difficulties of broken rotor bars detection for induction motors with 
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variable supply frequency were also addressed. Problems of previous approaches of 
broken rotor bars detection with varying supply frequency were discussed and 
summarised. 
An alternative non-invasive technique and accompanying instrumentation for 
condition monitoring of induction motors will be introduced in chapter 4. The input 
power signal is computed from measurements of two line currents and two line-to-
line voltages. Inter-tum short-circuit fault of stator windings and broken rotor bars 
detection are attempted using spectrum analysis of this signal. The effect of 
supplying with variable speed drive on the method is investigated by experimental 
result. 
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Chapter 4 
On-line Voltage and Current 
Monitoring of Induction Motors -
Input Motor Power Monitoring 
4.1 Introduction 
On-line voltage and current (V-1) monitoring of induction motors is widely used for 
the estimation of parameter of healthy motors for control purposes. A comprehensive 
summary is given by Vas [10]. 
As far as condition monitoring goes, Cho et al [70] used measurements of stator 
voltage, current, frequency and speed to process into a near-least-square-error 
estimator to estimate motor impedances. The estimated rotor resistance is compared 
with its nominal value to detect broken rotor bars. Off-line measurements are needed 
to obtain the temperature/resistance variation, which is a disadvantage. 
Hsu [67] calculated the air gap torque from V-I measurements to detect shorted stator 
coils and cracked rotor bars. Experimental results showed the existence of double 
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slip-frequency air gap torque for a defective rotor, and of a double fundamental 
supply frequency for a defective stator. 
Penman et al [68] detected broken rotor bars by monitoring the transient torque that 
was computed using V-I measurements. Various ways to implement the numerical 
integration on data were investigated. Experiment showed that a broken rotor bar 
does indeed affect the transient electromagnetic torque. 
Legowski et al [103] computed the instantaneous three-phase input motor power 
from V-I measurements, to detect the irregular mechanical load conditions. 
Experimental result showed that the input power waveform contains all the frequency 
components of the mechanical load oscillation. 
Janda et al [66] proposed two methods to detect broken rotor bars in three-phase 
induction motors. The first was based on simple analog processing of instantaneous 
single-phase power that is the product of voltage and current. The second approach 
was based on extracting the negative sequence stator current by an appropriate analog 
filter. Both derived signals contain double slip-frequency components whose 
amplitude is related to the amount of rotor damage. 
Sottile et al. [10] calculated negative-sequence impedance of induction motors from 
V-I measurements to try to detect incipient stator insulation failure. Experimental 
results from a motor (less than 200 horsepower) showed that the negative-sequence 
current decreased after a stator short-circuit winding fault, implying a net increase in 
the motor's negative-sequence impedance. It also illustrated how small supply 
voltage unbalance can mask these effects but how monitoring the motor's negative-
sequence impedance could still be used to detect incipient failure in situation where 
small voltage unbalance exist. 
All these V-I measurements were with mains supply. This chapter describes an on-
line method for detecting stator and rotor defects in three-phase squirrel-cage 
induction motors. It applies to both mains and variable frequency supplies. The 
instantaneous three-phase input power is computed from measurements of two line-
to-line voltages and two line currents. Fourier analysis identifies fault-related 
frequencies. The predicted fault-related frequency is based on Penman's analysis [9]. 
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The change of the relative amplitude of the fault related frequency components are 
monitored. Tests were carried out on both laboratory motors with deliberately shorted 
stator coils and rotor damage, with mains and PWM supply. The effect of different 
load conditions and operating frequencies were also investigated experimentally. 
4.2 Frequencies of Input Motor Power Signal with Mains 
Supply 
4.2.1 Time Harmonics 
When an induction motor is supplied by a balanced three-phase voltage, the 
instantaneous power is DC. With unbalanced impedances, such as inter-tum short-
circuit, the input power will be DC plus a component of twice supply frequency 
( 2m s ). The change of amplitude of this component can indicate a defect in the stator 
winding. 
In practice, the stator currents drawn by a balanced three-phase stator winding from 
mains and/or PWM supply will be a series of odd time harmonics. As the power is 
current times voltage, the input power will contain these frequency components: 
(4.1) 
where mws and nws are odd integers. 
Hence, for lmms ± nws I = 2, with significant high level of corresponding time 
harmonics, the 2m s component in the power signal due to unbalanced impedance 
may be covered up. 
4.2.2 Unsymmetrical Stator Fault (Penman's Analysis [9]) 
Penman et al. [9] considered a short-circuited tum in a stator coils of a three-phase 
induction motor as type of unsymmetrical stator fault. By analysis of the MMF 
pattern, such a condition induces components of flux density in a rotor reference 
frame, which are the frequencies of the induced current in rotor. 
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(4.2) 
When the components of equation (4.2) are further modulated in instantaneous 
power, and a corresponding set of harmonicsfpower_sd appears in general form as 
(4.3) 
where n(JJS and nes are the order of time and space harmonics. 
4.2.3 Air Gap Variation and Rotor Defects 
The extra sideband components of the time harmonics of the stator current caused by 
the air gap variation and rotor defects were discussed in Chapter 3. The 
corresponding set of harmonics in the power may be expressed as folow. 
Modulation 
{
(nrtR ± nde) (l -s) ±} 
) ipower _ar = PP is 
(nms ±l)±2nsa 
(4.4) 
Modulation -{( ) (1-s) } f power _be nOJS ±1 ±--;p±2nbes fs 
(4.5) 
f" = { ~  S} ± n., ± 2n,, S} f' _M_od_ula_tio_n -->) f ~  -" = { (n"' ± l} ± ~  S} ± 2n,, S} /, 
(4.6) 
The fault-related sidebands of the fundamental of the stator current now 
appear in the low frequency range (less than OJ s ) and side bands on even 
harmonics of the instantaneous input power signal. For example, the 
(1 ± 2ns )is sidebands of the stator current due to rotor defects wil become as 
2nsis components and (2 ± 2ns )is sidebands in the power. Notice that some 
of the components in equation (4.4) can be submerged by the frequency 
components caused by unsymmetrical stator defects. 
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The test motor was a three-phase six-pole, 415V, 4.5kW, 955rpm, delta connected, 
squirrel-cage induction motor made by AEI Ltd. It has 57 rotor slots and 48 stator 
slots. The number of coils per group is non-integer (two and two thirds), ie 
fractional-slot stator windings. The DC phase resistance is 4.3.Q (cold). In order to 
simulate an inter-tum short-circuit in the stator winding, the 'start' of a coil and the 
'end' of the adjacent coil was connected to two external terminals 'A' and 'B'. When 
these two terminals were shorted, the corresponding DC phase resistance dropped to 
4.1.Q. No further information of the winding structure is available. 
When the test motor was running at full load, and the inter-tum short-circuit fault 
was introduced, the current isc in the faulty coil was 45A. The short-circuit could 
only be allowed for a few seconds to avoid the damage to the coil. isc was measured 
by a split core current ammeter displaying the RMS reading. It was found that isc did 
not change for different loading conditions, and that vibration was noticeable when 
the short-circuit occurred. 
In order to avoid damaging the coil when the short-circuit was introduced, terminals 
'A' and 'B' were connected to a variable resistor Rl (in series with a switch Sl) to 
limit isc. Varying Rl can simulate different fault levels. The test rig is shown in 
figure 4.1. 
The motor input power (Pin = v12i1 + v32i3) is obtained by measuring two line-to-
line voltages ( v12 and v32 ) and two line currents ( i1 and i3 ) using the split core 
current transformers, and the opto-isolator box for voltage that provides complete 
isolation between motor and I/O card. The corresponding signals are amplified, low-
pass-filtered and then sampled in a single instrument that contains a four-channel 
instrumentation amplifier with five different gain settings (1, 3, 10, 30 and 100). The 
four-channel six-pole low-pass filter is available with corner frequency 2000Hz. The 
four-channel sample-and-hold amplifier is triggered externally by the AID strobes 
generated from the data acquisition card. Each signal is sampled at 5kHz and 65536 
data are recorded. Each set of measurements takes about 13 seconds. Output from 
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this instrument is digitised using a computer equipped with a 12-bit AID card. Pm is 
computed and the sampled signals i1, v12 , and Pm are stored in files. In each 
spectrum analysis of the input power signals, the average (DC) power is used as the 
zero dB level. 
Three-phase power supply 
VSD (Option} 
PWM waveform output Spilt-core Curent Transformers AEI Motor 
Opto lsolatedf----+-----+--'--' 
Box ------~ 
A 
R1 
The mechanism of the short-circmt stator coils 
•1 
13 
~------  V12 
~--------1 v, 
~-----~ 
LPF (2kHz}, S/H Amp 
D 
Figure 4.1 : The set up of the measurements 
4.4 Test Results with Mains Supply 
4.4.1 Short-circuit Stator Coil 
DC Generator 
Armature windings 
~ -  0 0 Load Resistors 
Field Control of the Generator 
The AEI motor was loaded by a DC generator and resistor combination that can 
provide different load conditions. The motor was run at 0.045 per unit slip Figure 4.2 
shows the sidebands (5+s)/3 and (7-s)/3 of the second harmonic (lOOHz) of the 
unfaulted motor power. They are at 84.15Hz with -82.2 dB and 115.9Hz with -
80.6d.B. No sidebands appear on higher even time harmonics. Slot harmonics are 
insignificant in this particular motor. 
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Figure 4.2: Frequency spectrum of the instantaneous power signal of AEI motor in 
healthy condition 
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Figure 4.3: Frequency spectrum of the instantaneous power signal of AEI motor with 
16A short-circuit current at the faulty stator coils 
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Relative amplitude (dB) 
Frequency Conditions Slip=0.003 Slip=0.015 Slip=0.025 
factor 
(5+s)/3 isc = 0 -63.9 -67.0 -77.9 
isc = 16.5A -50.9 -51.6 -58.2 
Amplitude change due to stator 13.0 15.4 19.7 
defect 
2 isc = 0 -20.4 -29.0 -41.0 
isc = 16.5A -18.0 -20.8 -25.3 
Amplitude change due to stator 2.4 8.2 15.7 
defect 
(7-s)/3 isc =0 -64.4 -67.0 -76.4 
isc = 16.5A -50.9 -52.2 -59.4 
Amplitude change due to stator 13.5 14.8 17 
defect 
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Slip=0.035 Slip=0.040 
-77.6 -79.0 
-60.1 -63.1 
17.5 15.9 
-42.7 -44.3 
-24.0 -27.7 
16.7 16.6 
-77.6 -79.0 
-61.2 -63.0 
16.4 16.0 
Table 4.1: The effect of load variation on amplitude change of the stator defect related 
components 
With the same motor load, the stator coil was shorted by closing switch Sl. Rl was 
adjusted to limit the short-circuit current isc to 16 amps. Only the components of 
(5+s) fs/3, (7-s) fs/3 and 2ms show 10 dB increase compared to the unfaulted case, 
as shown in figure 4.3. 
When measurements were carried out from no load to full load, Rl was adjusted to 
limit isc to 16.5A. Amplitudes of (5+s) JJ3, (7-s) fs/3 and 2ms frequencies are in 
table 4.1. 
In another test, the AEI motor operated at 0.04 per unit slip, and Rl was varied to 
limit isc over a range of values, from 3.2A to 35A. Amplitudes of (5+s) fJ3, (7-
s) fs/3 and 2ms are in table 4.2. 
The amplitude change of these components at different load and at different shorted 
coil current are plotted in figures 4.4 and 4.5. From figure 4.4, it can be seen that the 
effect of load variation on the 2fs component is significant. As the harmonics in the 
supply decreases with the load, the 2fs component caused by the fault may not be 
distinguished at low load conditions because it is less than the 2ms caused by the 
time harmonics of the supply voltage and current. However, figure 4.5 shows that the 
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effect of load variation on the components ( 5+s) fs 13 and (7-s) f s 13 is less than that 
of 2fs. 
Relative amplitude (dB) 
Frequency Conditions iscl = 35.0A iscl =16.0A iscl = 9.SA iscl = 5.3A iscl = 3.2A 
factor 
(5+s)/3 isc = iscl -60.1 -63.1 -69.2 -73.1 -78.5 
isc = 0 -79.0 -79.0 -79.0 -79.0 -79.0 
Amplitude change due to stator 18.9 15.9 9.8 5.9 0.5 
defect 
2 isc = iscl -21.9 -27.4 -32.9 -37.5 -44.5 
isc = 0 -49.3 -49.3 -49.3 -49.3 -49.3 
Amplitude change due to stator 22.4 16.9 11.4 6.8 0.2 
defect 
(7-s)/3 isc = iscl -61.0 -63.0 -66.8 -70.6 -76.8 
isc =0 -79.0 -79.0 -79.0 -79.0 -79.0 
Amplitude change due to stator 18 16 12.2 8.4 2.2 
defect 
Table 4.2: The effect of shorted coil current variation on amplitude change of the 
stator defect related components 
As the level of isc is related to unbalance of the stator impedance, the amplitude 
change of the fault components is proportional to the level of imbalance. It can be 
seen from figure 4.5 that the amplitude change of the fault-related components 
becomes noticeable when the shorted coil current is significant. 
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Figure 4.4: The effect of load variation on amplitude change of the stator defect related 
components 
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Figure 4.5: The effect of shorted coil current on amplitude change of the stator defect 
related components 
4.4.2 Broken Rotor Bars 
Figure 4.6 shows the spectrum of input power when the motor with the good rotor. 
The only distinct peak in the low frequency range (0 to 40Hz) is the speed frequency 
at 16.17Hz with --48.SdB. The 2sfs component is about-70dB. 
The rotor of the same motor was then deliberately damaged by having a bar cut 
through at the end ring. It was first loaded at 0.029 per unit slip. Figure 4.7 shows the 
corresponding frequency spectrum of the instantaneous power from 0 to 40Hz. The 
component at 2.9Hz has the largest amplitude with --47.0dB, compared to -70dB, the 
'good rotor' case, shown in figure 4.6. 
The 4sfs (5.79Hz at-59.5dB) and 6sfs (8.77Hz at-73.SdB) components are visible. 
There are another two groups of fault-related components in the same frequency 
range; the ± 2nsfs sidebands of fr components (13.28Hz, 16.l 7Hz, 19.07Hz, and 
22.05Hz) and 2fr (26.55Hz, 29.45Hz, 32.35Hz and 35.32Hz). The amplitude of 
these components are about - 70dB. 
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Figure 4.6: Frequency spectrum of the instantaneous power signal of AEI motor in 
healthy condition at 0.029 per unit slip 
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Figure 4.7: Frequency spectrum of the instantaneous power signal of AEI motor with 
the one cut rotor at 0.029 per unit slip 
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Figure 4.8: Same spectrum as in figure 4.6 but at 200Hz to 250Hz range 
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Figure 4.9: Same spectrum as in figure 4.7 but at 200Hz to 250Hz range and 
highlighting the rotor defect-related frequencies 
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Another interesting result at the fourth time harmonic is the ± 2nsis sidebands on the 
[4 + 2(1- s)/ pp ]is component. Significant peaks can be found at 220.9Hz 
( [4-6s + 2(1- s)/ pp ]is), 223.8Hz ( [4 - 4s + 2(1- s) /pp ]is ), 226.7Hz 
( [4- 2s + 2(1- s)/ pp ]Js) and 232.5Hz ([4 + 2s + 2(1- s)/ pp ]Js ). The results are 
shown in figure 4.9. Figure 4.8 shows that these are almost undetectable for a good 
rotor. 
More measurements were carried out on the same motor from low load to full load. 
Results are summarised in table 4.3. Several trends are present: 
• More information is available for identifying the fault rotor when the load is 
increased. 
• At no load, the 2nsfs components and sidebands are either too low in amplitude 
or too close together, and could not be distinguished. 
• The ± 2nsfs sideband components were all at very low amplitude ie more than 
60dB down (from the DC power). 
• The 2sfs , 4sis and 6sfs is the group of rotor fault-related components that has 
the largest change in amplitude when the rotor is damaged, as shown in figure 
4.10. 
• The ± 2nsfs sidebands of fr and 2fr components are the second large group of 
rotor fault-related frequency components. They even could be noticed at low load 
condition, shown in figure 4.11. 
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Figure 4.10: The efect of load variation on amplitude change of the 2sf s , 4sf5 and 
6sf s components with a broken bar in the rotor 
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Figure 4.11: Frequency spectrum of the instantaneous power signal of AEI motor with 
the one rotor bar. Slip = 0.011 pu (low load) 
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Slio=0.004 Sho=0.011 Slio=0.020 Slio=0.029 
Hz dB Hz dB Hz dB Hz dB 
1.14 -51.0 2.14 -47.6 2.90 -47.0 
2.37 -62.0 4.27 -60.4 5.80 -59.5 
3.51 -72.9 6.49 -72.9 8.77 -73.8 
15.34 -61.0 14.19 -64.5 13.28 -65.6 
16.63 -42.2 16.48 -45.8 16.33 -48.4 16.17 -50.3 
17.62 -63.4 18.64 -67.4 19.07 -71.l 
20.60 -74.8 22.05 -75.1 
30.59 -73.8 28.38 -74.5 26.55 -76.6 
31.81 -60.4 30.52 -61.3 29.45 -61.5 
33.57 -68.1 32.96 -64.7 32.65 -68.9 32.35 -72.5 
34.10 -64.1 34.79 -65.3 35.32 -67.2 
222.2 -83.9 
224.2 -81.8 220.9 -81.2 
230.7 -67.5 226.4 -73.0 223.8 -72.2 
229.5 -73.8 228.5 -70.5 226.7 -71.6 
233.3 -67.3 231.9 -63.2 230.7 -65.7 229.6 -63.7 
232.8 -77.1 232.5 -76.3 
234.9 -81.2 
97.66 -70.l 95.75 ·-72.6 94.22 -76.3 
98.88 -62.2 97.96 -70.l 97.12 -72.6 
100 -18.4 100 -29.0 100 -38.0 100 -42.3 
103.0 -77.6 
106.6 -76.5 
194.0 -81.2 191.4 -81.0 
197.8 -74.5 196.l -78.1 194.3 -72.7 
198.9 -70.5 197.9 -68.2 197.2 -76.7 
201.2 -78.0 
202.4 -80.3 204.0 -81.1 206.7 -79.5 
206.l -83.3 
291.7 -77.5 288.5 -75.4 
293.8 -78.5 291.5 -78.4 
295.9 -74.3 294.4 -72.9 
298.2 -65.1 297.3 -64.2 
70 
Slm=0.040 
Hz dB 
3.97 -46.0 
7.94 -58.9 
12.05 -67.1 
16.02 -51.9 
19.99 -76.3 
23.96 -77.1 
28.00 -62.3 
31.97 -71.4 
35.97 -69.4 
212.2 -74.1 
216.0 -78.2 
220.0 -72.6 
224.0 -71.0 
228.0 -63.1 
231.9 -76.7 
235.9 -85.2 
240.0 -83.5 
244.0 -81.3 
248.1 -83.6 
87.8 -85.5 
92.0 -80.0 
95.98 -75.0 
100 -49.0 
104 -78.l 
112.1 -86.8 
184.0 -83.3 
188.0 -79.3 
192.0 -72.3 
196.0 -78.9 
212.2 -74.1 
284.0 -71.8 
288.0 -82.3 
292.0 -72.9 
295.9 -66.8 
308.0 -82.1 
312.2 -79.9 
316.0 -80.2 
Table 4.3: The effect of load variation on the rotor fault-related components 
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4.5 Extra Frequencies of Input Motor Power Signal with 
PWM Waveform Supply 
The motor currents of variable frequency drives with PWM waveform voltage output 
are nonsinusoidal. If the stator windings are balanced delta, or star-connected with an 
isolated neutral, the triplen harmonics should not produce any motor current. 
Different schemes of PWM switching strategies may be used to eliminate selected 
low order time harmonics. For example, figures 4.12 and 4.15 show the stator current 
spectra of the AEI motor supplied by a Renold VFD drive and a Zener VSC 2000 
drive, at 40Hz fixed frequency (a 2kHz low pass filter was used). 
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Figure 4.12: Stator current spectrum of the AEI motor supplied by Renold drive at 
40Hz, full load, healthy condition 
The output current waveform from the Renold drive has significant harmonics at 
(5 + 6n )fs and (7 + 6n )fs where n is positive integer, including zero. The largest pair 
of harmonics are the 35fs and 37 f s at about -20d.B. The rest of the components are 
about -45d.B. 
Chapter4 On-line Voltage and Current Monitoring of Induction Motors 
-Input Motor Power Monitoring 
O.OOOOdB 
Amplitude (dB) 40.0SHz 
0 
-10 
-20 
-30 
-35.4274d8 
59.89Hz 
-40 -48.2824d.B 
20.14Hz 
-50 
50 
-4 1.788SdB 
140.0H z. 
-50.2358dB 
-52 .3236dB -53.0337d8 I S9.9Hz 
80. 11 Hz_S6.8895de'20.2Hz 
100.31-h 
100 150 
Freque ncy (Hz) 
-29.0603dB 
200.3 Hz 
200 
-44.2002dB 
259.9Hz-46.4926dB 
280.4Hz. 
-53.5 134dB 
240.0Hz 
250 
72 
300 
Figure 4.13: Stator current spectrum of the AEI motor supplied by Renold drive at 
40Hz, full load, healthy condition (0 to 300Hz) 
Looking closely at the low frequency range (0 to 700Hz in figure 4.12), several 
prominent peaks are visible. Figures 4.13 and 4.14 show zooms of the same spectrum 
but from 0 to 300Hz and 300 to 750Hz. The prominent peaks are labelled in the 
diagrams, and summarised in table 4.4. The fifth harmonic, 200.3Hz has the largest 
amplitude, -29.ldB. Besides the time harmonics, peaks are: 
(100- fs )=59.89Hz, 1(100-3 fs )l=20.14Hz, 1(100-5 fs )l=100.3Hz, 
1(100-6 fs )1=140.0Hz 1(100-7 fs )l=180.4Hz 1(100-9 fs )l=259.9Hz 
Innes [22] identified one component, 100- fs, and defined it as 'reflected frequency'. 
The origin of this component may be the rectification of the mains to produce the DC 
link voltage. The ripples in this DC voltage pass through the modulation process and 
form the reflected frequency. 
The reflected frequency and its related components in the current are summarised in 
table 4.5. These components are present in voltage, and corresponding components 
are in the instantaneous power signal as shown in table 4.4. Only the fundamental , 
second time harmonic , and reflected frequency components in voltage are included. 
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Figure 4.14: Stator current spectrum of the AEI motor supplied by Renold drive at 
40Hz, ful load, healthy condition (300 to 750Hz) 
Frequency components Frequency components in voltage Hz 
in current Hz f s -f s 2fs -2fs 100-fs f s -100 
40.05 -40.05 80.l -80.l 59.9 -59.9 
2fs 80.l 120.15 40.05 160.20 0.00 180.05 20.20 
3fs 120.2 160.25 80.15 200.30 40.10 180.10 60.30 
4fs 159.9 199.95 119.85 240.00 79.80 219.80 100.00 
5fs 200.3 240.35 160.25 280.40 120.20 260.20 140.40 
6fs 240.0 280.05 199.95 320.10 159.90 299.90 180.10 
7fs 280.4 320.45 240.35 360.50 200.30 340.30 220.50 
11/s 440.5 480.55 400.45 520.60 360.40 500.40 380.60 
13/s 520.6 560.65 480.55 600.70 440.50 580.50 460.70 
14/s 559.8 599.85 519.75 639.90 1080.40 619.70 499.90 
15/s 600.7 640.75 560.65 680.80 520.60 660.60 540.80 
16/s 639.8 679.85 599.75 719.90 559.70 699.70 579.90 
17 fs 680.8 720.85 640.75 760.90 600.70 740.70 620.90 
100-f s 59.9 99.95 19.85 700.65 -20.20 119.80 0.00 
100-3f5 -20.14 19.91 -60.19 59.96 -100.24 39.76 -80.04 
100-Sfs -100.3 -60.25 -140.35 -20.20 -180.40 -40.40 -160.20 
100-6f5 -140.0 -99.95 -180.05 -59.90 -220.10 -80.10 -199.90 
100-?fs -180.4 -140.35 -220.45 -100.30 -260.50 -120.50 -240.30 
100-9f5 -259.9 -219.85 -299.95 -179.80 -340.00 -200.00 -319.80 
100-lfs -340.0 -299.95 -380.05 -259.90 -420.10 -280.10 -399.90 
Frequency components in the instantaneous input power signal Hz 
Table 4.4: The harmonics of the current, voltage and power of AEI motor supplied by 
Renold drive 
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Frequency components in current 2fs 3fs 4fs 5fs 
Hz 80.1 120.2 159.9 200.3 
dB -52.3 -53.0 -50.2 -29.1 
Frequency components in current llfs 13/s 14fs 15fs 
Hz 440.5 520.6 559.8 600.7 
dB -39.0 -50.8 -61.8 -59.5 
Frequency components in current 100- fs 100-3fs 100-Sfs 100-6fs 
Hz 59.9 -20.14 -100.3 -140.0 
dB -35.4 -48.3 -56.9 -41.8 
Frequency components in current 100-llfs 
Hz -340.0 
dB -46.5 
74 
6fs 1fs 
240.0 280.4 
-53.5 -46.5 
16fs 17 fs 
639.8 680.8 
-64.1 -41.0 
100-7/s 100-9fs 
-180.4 -259.9 
-61.7 -44.2 
Table 4.5: The harmonics of the stator current of AEI motor supplied by Renold drive 
For the Zener drive, there are two groups of harmonics with significant amplitude, as 
shown in figure 4.15. They are: lOOO±fs, l000±2fs, l000±4fs and 2000±fs, 
2000 ± 2fs , 2000 ± 4 fs . The largest pair of harmonics in the lOOOHz group is 
1000 ± 2fs; and 2000 ± 2fs in the 2000Hz group; at about -25dB. The rest are 
below-50dB. 
The amplitude of prominent peaks up to 350Hz are in table 4.6. The significant time 
harmonics at the low frequency range are only up to 7th harmonic, at 279.4Hz, -
50.2dB. The reflected frequency and its related harmonics are in (100- fs )=60.04Hz, 
1(100-6 fs )1=139.SOHz, 1(100-9 fs )1=260.0Hz, and 1(100-11 fs )l=339.80Hz. 
Frequency components in current 2fs 3fs 4fs 5fs 6fs 1fs 
Hz 79.8 119.7 159.6 199.6 239.9 279.4 
dB -79.8 -47.6 -46.1 -55.5 -62.2 -50.2 
Frequency components in current 100- fs 100-6fs 100-9fs 100-llfs 
Hz 60.0 -139.8 -260.0 -339.8 
dB -57.2 -62.9 -45.0 -46.5 
Table 4.6: The harmonics of the stator current of AEI motor supplied by Zener drive 
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Figure 4.15: Stator current spectrum of the AEI motor supplied by Zener drive at 40Hz, 
full load, healthy condition 
The amplitude of these components is lower than the stator current output from the 
Renold drive. The predicted frequency components of power from the Zener drive 
are summarised in table 4.7. Only the fundamental, second time harmonic, and 
reflected frequencies of voltage waveform are included. 
Frequency components Frequency components in voltage Hz 
in current Hz f s - fs 2fs -2fs 100- fs fs -100 
40.05 -40.05 80.1 -80.l 59.9 -59.9 
2fs 79.8 119.85 39.75 159.90 -0.30 139.70 19.90 
3fs 119.7 159.75 79.65 199.80 39.60 179.60 59.80 
4fs 159.6 199.65 119.55 239.70 79.50 219.50 99.70 
5fs 199.6 239.65 159.55 279.70 119.50 259.50 139.70 
6fs 239.9 279.95 199.85 320.00 159.80 299.80 180.00 
7fs 279.4 319.45 239.35 359.50 199.30 339.30 219.50 
100- f s 60.04 100.09 19.99 140.14 -20.06 119.94 0.14 
100-6/5 -139.8 -99.75 -179.85 -59.70 -219.90 -79.90 -199.70 
I00-9/5 -260.0 -219.95 -300.05 -179.90 -340.10 -200.10 -319.90 
100-11/5 -339.8 -299.75 -379.85 -259.70 -419.90 -279.90 -399.70 
Frequency components in the instantaneous input power signal Hz 
Table 4.7: The harmonics of the stator current of AEI motor supplied by Zener drive 
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The reflected frequency and its related hannonics are an interesting phenomenon, 
especially if they are present for all drives, because it can potentially coincide with 
one of the fault-related sideband peaks in current or in power. This could make it 
appear as though a fault were present when there is none. 
The extra frequencies caused by the stator and rotor defects that were discussed in the 
previous section should still exist in the instantaneous input power signal when 
supplied with variable frequency drive. Similar sets of measurements as were done-
on the AEI motor with mains supply, but now supplied from the Renold and the 
Zener drives. 
4.6 Test Results with Variable Frequency Supply 
4.6.1 Short-circuit Stator Coils 
The frequency spectrum of the instantaneous input power of the AEI motor supplied 
by the Renold drive at 40Hz, 0.046 pu slip motor, in healthy condition, is shown in 
figure 4.16 (0 to 300Hz range). The background noise level is about -70dB, which is 
20dB higher than the mains supply cases. The fault-related components predicted 
from Penman's analysis are not distinguishable. The 4 fs component at 160.2Hz has 
the largest amplitude, 31.6dB down from the DC power. 
With a short-circuit stator coil, ( isc was limited at 15A) the 2fs component 
increased more than lOdB, shown in figure 4.17 (and compared to figure 4.16). No 
significant change in amplitude of the other components can be seen. Prominent 
peaks and their amplitudes are summarised in table 4.8. 
Chapter4 On-line Voltage and Current Monitoring of Induction Motors 
-Input Motor Power Monitoring 
Amplitude (dB) 
0 
-10 
-20 
-30 
-40 
-50.0953dB 
40.05Hz 
50 
_36.7428.n15.6513dB SO.I ~~  
I 
100 
-49.3139dB 
120.2Hz 
-33.4209<18 
160.2Hz 
150 
Frequency (Hz) 
-49.7710dB 
200.0Hz 
200 
-31.4173dB 
240.3Hz 
250 
-58.1207dB 
273.9Hz 
77 
300 
Figure 4.16: The spectrum of the power signal, supplied by Renold drive, at 40Hz, ful 
load, in healthy condition 
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Figure 4.17: The spectrum of the power signal, supplied by Renold drive, at 40Hz, ful 
load, with 1 SA short-circuit current in the faulty stator coil 
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When the AEI motor was supplied by the Zener drive, and operated at the same 
condition, the corresponding frequency spectrum of the power signal is shown m 
figure 4.18. The reflected frequency and the 5th harmonic were suppressed to 
-61.3dB and -60.5dB respectively. The second harmonic increased to -28.5dB for 
15A short-circuit stator coil current, as shown in figure 4.19. The prominent peaks 
and their amplitudes are summarised in table 4.8. 
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Figure 4.18: The spectrum of the power signal, supplied by Zener drive, at 40Hz, full 
load, in healthy condition 
Renold drive Zener drive 
No fault isc =15A No fault isc =15A 
Hz dB dB dB dB 
fr 12.74 -55.5 -60.0 -55.5 -59.8 
f s 40.05 -50. l -49.3 -55.0 -50.6 
2fs 80.11 -36.7 -25.4 -39.0 -28.5 
100- f s 99.95 -35 .7 -36.7 -61.3 -65 .0 
3fs 120.2 -49.3 -52.4 -43.6 -43.8 
4fs 160.2 -33.4 -31.6 -39. l -38.4 
5fs 200.0 -49.8 -52.1 -60.5 -59.9 
6fs 240.3 -31.4 -33.l -45 .6 -46.6 
100-lOfs 300.0 -43.0 -44.7 -41.5 -41.0 
Table 4.8 
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Figure 4.19: The spectrum of the power signal, supplied by Zener drive, at 40Hz, full 
load, with 15A short-circuit current in the faulty stator coil 
4.6.1.1 The effect of different short-circuit current in the 'faulty' coil on second 
harmonic 
Measurements of the 2 f s component in power at different shorted coil currents are 
summarised in table 4.9 and plotted in figure 4.20. It is expected that the relative 
amplitude of the 2fs component in power will increase (with isc ) and in fact 
significant increase occurs even at a relatively low shorted-coil current. The Renold 
drive has, in general , a larger amplitude of second harmonic than the Zener drive, 
which may be due to the higher amplitude of harmonic produced by the Renold drive. 
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Figure 4.20: Variation of the second harmonic due to different short-circuit current 
4.6.1.2 The efect of load variation on second harmonic 
With supply frequency fixed at 40Hz, measurements were taken from no load to ful 
load. isc was limited at 19A, and values of second harmonic in power are 
summarised in table 4.10. 
The relative amplitude of 2fs component in power dB 
Renold drive Zener drive 
No fault isc=l9A dB change No fault isc=19A dB change 
Slip=0.046 -36.7 -23.5 13.2 -39.0 -25.6 13.4 
Slip=0.024 -32.0 -21.6 10.4 -35.4 -23.2 12.2 
Slip=0.014 -28.1 -19.7 8.4 -30.3 -22.1 8.2 
Slip=0.001 -17.3 -14.0 3.3 -21.4 -15.5 5.9 
Table 4.10 
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As the load is reduced, the stator current is dominated by the magnetising current; the 
third harmonic current increases, as also does the 2fs power component. The change 
of the amplitude of the 2fs power component due to the shorted-coil becomes 
unnoticeable at low load as illustrated in figure 4.21. The results again show that in 
general, the 2fs power component from the Zener drive is relatively lower than that 
from the Renold drive. 
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Figure 4.21: Variation of the second harmonic due to different load 
4.6.1.3 The effect of different operating frequency on second harmonic 
The test motor was fully loaded with supply frequency fixed at 45Hz, 40Hz, 30Hz, 
and 20Hz. The short-circuit current in the 'faulty' stator coil was limited to 19A. The 
results of second harmonic in power are summarised in table 4.11 and figure 4.22. 
The relative amplitude of 2fs component in power dB 
Operating Renold drive Zener drive 
Frequency Hz 
No fault isc=19A dB change No fault isc=19A dB change 
45 -44.3 -24.9 19.4 -43.1 -28.4 15.7 
40 -36.7 -23.5 13.2 -39.0 -25.6 13.4 
30 -22.4 -19.0 3.4 -35.1 -22.6 12.5 
20 -15.8 -13.0 2.3 -31.0 -20.6 10.4 
Table4.11 
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Figure 4.22: Variation of the second harmonic due to different operating frequency 
The amplitude of 2fs power component (Zener drive) decreases by 5d.B as supply 
frequency decreases from 45Hz to 20Hz. The Renold drive shows a 15d.B decrease in 
the 2fs power component at low supply frequency which implies that the time 
harmonics in the supply increases. It may be due to folowing reasons: 
• When the supply frequency is low, the equivalent motor reactance is reduced. 
The high-order time harmonics cannot be filtered out adequately by the machine 
reactance. 
• As the anti-alising low-pass filter (2kHz) was initialy designed for 50Hz 
fundamental, the highest harmonics would be the 40th. However, when the 
operating frequency is reduced to 20Hz, this upper limit wil be increased to the 
lOOthharmonic. The signals wil contain much higher harmonics. 
• Different schemes of PWM switching strategies may also affect the harmonic 
contents of the voltage and current waveforms output from the drives. For 
example, figure 4.23 shows the frequency spectrum of the instantaneous power of 
the AEI motor supplied by the Renold drive operating at 20Hz. The harmonics 
contents amplitudes of more than -40dB appear over the whole range of 
frequencies. Figure 4.24 shows the frequency spectrum of the power when the 
AEI motor is supplied by the Zener drive. Groups of harmonics of more than -
40d.B only appear around DC, lOOOHz and 2000Hz. Significant harmonic 
suppression is achieved elsewhere. 
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Figure 4.23: The spectrum of the input power of AEI motor supplied by Renold drive 
operating at 20Hz 
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Figure 4.24: The spectrum of the input power of AEI motor supplied by Zener drive 
operating at 20Hz 
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4.6.2 Broken Rotor Bars 
84 
The AEI motor with one cut bar rotor was supplied by the Zener drive at fixed 
frequency, 40Hz, and loaded to 0.042 per unit slip. Figure 4.26 shows the frequency 
spectrum of the corresponding power signal from 0 to 25Hz. The 2sf s and 4sf s 
components are (at 3.36Hz)-47.8dB and (at 6.79Hz) -63.8dB. 
Another rotor fault-related frequency component in this range is 2(Jr -sfs) 
(22.13Hz) at -61.3dB. The 4.349Hz and 8.698Hz components are independent of 
load, although they are not significant (only lOdB above the noise floor). They even 
appear even when the motor is in a healthy condition, as shown in figure 4.25. The 
cause of these components is mystery. 
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Figure 4.25: The spectrum of the input power of AEI motor supplied by Zener drive 
operating at 40Hz, 0.042 per unit slip in healthy condition 
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Figure 4.26: The spectrum of the input power of AEI motor supplied by Zener drive 
operating at 40Hz, 0.042 per unit slip with the one cut rotor bar 
-1 ----------~-----~ ---- ----- -------~ 
85.00 9000 95 00 100.00 105 00 11000 115 00 12000 
Frequency (Hz) 
Figure 4.27: The ± 2nf s sidebands on 2(fs +fr) component (same spectrum as 
figure 4.24, healthy motor) 
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Figure 4.28: The ±2nfs sidebands on 2(fs +fr) component (same spectrum as 
figure 4.25, one cut rotor bar) 
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Figure 4.29: The ± 2nf s sidebands on 2(2fs +fr) component (same spectrum as 
figure 4.24, healthy motor) 
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Figure 4.30: The ± 2nf s sidebands on 2(2fs +fr) component (same spectrum as 
figure 4.24, with one cut rotor bar ) 
Another group of rotor fault-related components are the ± 2nsfs sidebands of 
2(Js +fr) and 2(2fs +fr). They are labeled in figures 4.28 and 4.30. The 
corresponding components from the good rotor case are shown in figures 4.27 and 
4.29. The low sidebands of ± 2nsfs of 6th harmonics also exist and their amplitudes 
are in column 5 of table 4.12. 
4.6.2.1 The efect of load variation on the rotor fault-related components 
More measurements were carried out on the same motor supplied with the same drive 
from low load to ful load. Results are summarised in table 4.12. 
Compared to the mains supply cases, the patern appeared on table 4.12 is similar to 
table 4.3, but in general with less useful information available. It may be because the 
background noise level of the spectrum analysis has increased. Extra frequency 
components generated from variable speed drives make the search for the fault-
related components more dificult. 
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Slip=0.0015 Slip=0.019 Slip=0.025 Slip=0.042 
Hz dB Hz dB Hz dB Hz dB 
1.37 -50.3 2.06 -49.3 3.36 -47.8 
4.12 -61.0 6.71 -63.3 
10.91 -62.9 9.38 -67,6 
13.28 -40.4 13.05 -49.2 12.97 -50.1 12.74 -53.9 
24.87 -59.1 23.88 -59.4 22.13 -61.3 
101.7 -65.8 98.57 -66.2 
104.7 -61.3 103.7 -65.4 101.9 -69,5 
106.0 -55.4 105.7 -57.l 105.3 -57.l 
181.8 -69.0 175.0 -72.1 
183.2 -65.1 181.5 -65.6 178.4 -69.5 
184.6 -61.8 183.5 -62.9 181.7 -63.0 
185.1 -75.1 
235.4 -69.2 232.7 -68.6 
238.2 -64.3 237.4 -69.0 236.1 -66.3 
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Table 4.12: The effect of load variation on the rotor fault-related components with 
Zener drive supply 
4.6.2.2 The effect of operating frequency on the rotor fault-related components 
Table 4.13 summarises the amplitude of the fault-related components at different 
supply frequencies. It can be seen that there is less information when the frequency is 
reduced. The background noise level of the spectrum decreases as frequency increase 
as in figure 4.31 and 4.32. There is about lOdB difference in background noise. The 
reasons why the signals have higher harmonics content at lower supply frequencies 
are discussed in section 4.6.1. 
45Hz 40Hz 30Hz 20Hz 
Hz dB Hz dB Hz dB Hz dB 
2s 4.501 -45.4 3.967 -46.7 2.89 -48.5 1.83 -49.l 
4s 9.00 -62.2 7.94 -63.1 
(1-s)/3 - 2s 9.69 -62.5 8.7 -60.9 
(1-s)/3 14.19 -54.0 12.66 -54.6 9.54 -55.5 6.33 -55.2 
2(1-s)/3 - 2sfs 23.96 -61.3 21.29 -60.7 12.44 -65.6 10.83 -61.2 
2(1-s)/3 28.46 -67.7 12.66 -60.4 
2(1-s)/3 + 2s 32.96 -69.4 16.1 -60.8 
2-4s+2(1-s)/3 109.3 -67.4 97.1 -64.0 73.09 -63.4 
2-2s+2(1-s)/3 113.7 -72.0 76.07 -63.4 
2+2(1-s)/3 118.2 -58.9 105.1 -58.l 78.96 -56.5 
2+2s+2(1-s)/3 122.5 -73.4 
4-6s+ 2( 1-s )/3 173.0 -71.2 173.0 -71.2 
4-4s+ 2( 1-s )/3 176.9 -68.7 176.9 -68.7 138.9 -68.5 
4-2s+2(1-s)/3 180.9 -61.8 180.9 -61.8 136.0 -63.3 
6-4s 260.4 -69.8 231.5 -69.4 174.0 -71.8 116.0 -68.4 
6-2s 264.8 -67.7 235.4 -67.7 176.9 -68.9 117.9 -66.5 
Table 4.13: The effect of different operating frequency on the rotor fault-related 
components with Zener drive supply 
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Figure 4.31: The spectrum of the input power of AEI motor supplied by Zener drive 
operating at 45Hz, with the one cut rotor 
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Figure 4.32: The spectrum of the input power of AEI motor supplied by Zener drive 
operating at 20Hz, with the one cut rotor 
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4.6.2.3 The efect of varying operating frequency on the ± 2nsf s components 
As al the rotor fault-related components in curent and power are slip-dependent, 
they wil be overlapped by each other when the operating frequency is varying. 
However, the low frequency components in power, such as 2nsfs ,can stil give some 
useful information about the rotor. For example, the AEI motor with the one cut rotor 
bar was run at 0.045 per unit slip, with the frequency slowly varied from 40Hz to 
35Hz. The 2sfs component in power only varied from 3.61Hz to 3.15Hz, and is 
quite distinct and sharp in figure 4.33. 
The frequency was then varied at the rate of 1 OHz per minute. When this rate is 
doubled, the peak becomes wider, as shown in figure 4.34, and eventualy becomes 
invisible. 
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Figure 4.33: The spectrum of the input power of AEI motor supplied by Zener drive 
with operating frequency varied from 40 to 35Hz (10Hz/60s), with the one cut rotor 
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Figure 4.34: The spectrum of the input power of AEI motor supplied by Zener drive 
with operating frequency varied from 40 to 35Hz (20Hz/60s), with the one cut rotor 
4.7 Summary 
This chapter describes an atempt to detect short-circuit stator coils and broken rotor 
bars from the instantaneous input power of the motor, computed from measurement 
of two line-to-line voltages and two line curents. 
A Fourier transform gives frequencies that can be identified with stator or rotor 
damage. In brief, a short-circuit stator coil produces an unbalance in the stator 
impedance, that wil produce second harmonic in the power. Extra fault-related 
frequency components in power are also predicted from Penman's analysis [9]. By 
monitoring the change of their relative amplitude, a stator defect may be identified. 
The extra frequencies that could be in stator current, due to a rotor defect, were 
discussed in Chapter 3. This information is vital for the detection of broken rotor bars 
using instantaneous power. The predicted rotor fault-related power frequencies are 
based on the results from Chapter 3. 
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In the case of variable frequency supply, laboratory studies were based on two PWM 
variable frequency drives (Renold and Zener drive). It was found that PWM 
strategies could produce output harmonics at a number of groups of frequency. These 
are only a problem if they mask any fault-related frequency components. Most of the 
components are quite high in the frequency range, but this is dependent on the 
parameters used to implement the PWM waveform. They may mask the slot 
harmonics (The effect of drive harmonics could be completely disregarded if the 
drive and condition monitoring system were integrated. The drive could then use an 
optimised PWM technique to eliminate any frequency components that may mask the 
fault-related frequency components). 
This chapter also describes an experimental study of the effects of the drive 
frequency, load variation, different fault level (stator fault only) on the amplitude of 
the fault-related frequency components. Several interesting aspects were seen from 
tests on a laboratory motor with a deliberately shorted tum in one stator winding, and 
a damaged rotor. 
4. 7 .1 Shorted turns in stator winding 
• There is high current in the shorted tum, which is independent of the load on the 
motor. 
• (5+s) fs/3 and (7-s) fs/3 components in the power signal are produced by a 
shorted stator coil. 
• The sensitivity of using 2fs component in power to detect stator fault is 
dependent on the harmonic content of the supply. 
• The relative amplitude of the fault-related components 1s increased with 
increasing current in the 'faulty' coil (controlled by a variable resistor in the 
shorted coil). 
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• The main fault frequencies that appear in the power are the double slip-frequency 
and its multiples. 
• Another group of fault-related components in power are the ± 2nsfs sidebands of 
fr, 2fr and 2(nfs + 2fr) in the AEI motor. 
• ± 2nsfs sidebands of even time harmonics in power is another distinct feature 
although the layout of the stator winding, and its distribution factors and coil span 
factors, will have a very significant effect on the amplitude of the fault 
components discussed above. 
4. 7 .3 Supplied with variable frequency 
• The availability of fault-related peaks in the spectrum of the power signal is 
dependent on the PWM strategies and operating frequencies, that affect the 
harmonic contents and background noise level of spectrum of power signal. The 
fault-related (both stator and rotor) components that have relatively low 
amplitude can be covered up by the background noise. The problem may be 
solved if a variable comer-frequency anti-aliasing low pass filter is used. 
• If supply frequency is varying slowly, experimental results showed that the 
frequency spectrum of the power signal provides almost the same clarity of 
information for rotor fault as for operation at fixed frequency. 
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Chapter 5 
Maintenance and Current 
Monitoring of DC Motors 
5.1 Introduction 
These days, DC generators are all but obsolete, being replaced by solid-state 
rectifiers. However, the same is not true of DC motors; their speed-torque 
characteristics mean they are still useful in some industrial applications. Significant 
features include adjustable speed over a wide range, constant mechanical power 
output or constant torque, rapid acceleration or deceleration, and responsiveness to 
feedback signals. These are ideal for roll-mill drives marine applications and mine 
winders, all of which are critical items of plant. Although the requirements for 
periodic checking of brush wear and necessary brush replacement, plus the high 
capital cost, are often listed as disadvantages of DC motors, and modem variable 
frequency supplies with induction motors have a performance almost as good as that 
of the DC motor, there are still DC motors in use. They are likely to stay in use for 
several years. 
The modem condition-based maintenance systems that have been described in 
chapter 2 are all aimed at induction motors. This chapter deals with the problems 
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caused by poor commutation and the maintenance of the DC motor in some detail, 
because very few people have addressed this since 1964 (the last UK conference 
devoted to DC motors). The effects of open-circuit, short-circuit armature coils, and 
poor commutation are studied experimentally, and spectrum analysis of the motor 
armature and field current is critically examined as a means of detecting these 
defects. 
5.2 Armature or Rotor Faults 
DC motors can show some of the same sort of problems as do AC motors (eg. rotor 
eccentricity, bearings, and insulation failure) plus an extra one; poor commutation 
and sparking at the brushes. This can result in blackening, pitting, and wear of both 
commutator and brushes. These conditions rapidly become worse in a few hours or 
days, burning away the copper and carbon, until there is a ring of 'fire' around the 
commutator and a short circuit of the supply occurs. 
Rotor or armature defects of the DC motor are mostly attributable to bad riser joints, 
or to open- or short-circuit of an armature coil. The short-circuit may take place 
between the risers and it may take place between adjacent turns of a multi-tum coil. 
Very often a large local current will circulate in the faulty coil, resulting in the burn-
out of the coil. It then becomes open-circuit, that causes very severe sparking. Bad 
joints cause blackening or burning of the faulty joint, repeated at pole-pitch intervals 
due to the resulting imbalance in the armature currents [ 105]. 
5.3 Maintenance of DC Motors 
Visual inspection of the commutator and brushgear is probably the only method that 
is used in industry to assess the condition of DC motors. It is one of the simplest, and 
most familiar, method of assessing motor condition. However, it depends on direct 
eye access which is not always easy, there are no official specifications dealing with 
this method, and the interpretation of inspection results requires experience. Different 
people will interpret in different ways. 
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5.3.1 Inspection of Destructive Commutator Condition 
During the shutdown period, the most important check of the DC motors is the 
condition of the commutator surface. Sparking causes pitting of the commutator. 
When excessive sparking occurs, copper transfer occurs from the trailing edges of the 
commutator bars, which will then become burned or etched. 
The patterns of commutator bar burning may indicate different problems of the 
commutator [28,105]. When only two adjacent bars are discoloured, arcing across the 
mica below the surface is indicated and may be caused by conductive material 
buildup, such as copper, between commutator bars. It can lead to flashover when bar-
to-bar voltages are high. 
If the commutator bars are discoloured at regular intervals around the commutator 
circumference, for example, the second, third or fourth bar being of a darker colour 
than the others, it is commonly referred to as slot bar burning [28], and indicates poor 
commutation generally. 
Pitch bar burning starts under the cathode brush when a rotor defect occurs [28]. 
Excessive arcing, metal transfer, and associated burning occur every time the defect 
passes under the cathode brush. Usually, the burned bars will be spaced at 360/pp 
degrees around the commutator, where pp is the number of pole-pairs. For example, a 
four-pole motor will have burned bars 180 degrees apart, or a six-pole motor 120 
degrees. Each burned area may have one or more burned bars. This causes the 
brushes to bounce and eventually break if the commutator is not resurfaced. 
By contrast, the field windings carry DC that is only varied occasionally. Faults in 
these windings are rare, but they must still be kept free of carbon dust that is given 
off by the brushes. 
5.3.2 Electrical Tests During a Maintenance Period 
There are some electrical tests that may be made during the shutdown period. 
(i) The bar-to-bar test [5] is used to check for some winding faults or bad joints. 
Essentially, it measures the resistance. A DC current is passed through the armature 
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at points on the commutator spaced by a pole pitch. The voltage reading will be 
uniform if the winding is sound. For some multi-tum windings, the reading will be 
varied in a recurring pattern. 
(ii) The brush drop curve test [5] can be used to get a rough guide to the interpole 
strength. It is a quite straightforward method of measuring the voltage between brush 
and commutator at, say, three positions across the brush thickness. Under ideal 
conditions the current density will be uniform and fairly constant readings will be 
obtained. If a high voltage drop is at the entering edge and a low or reverse voltage 
drop at the leaving edge, then the interpoles are too strong. The converse will indicate 
weak interpoles. 
(iii) The AC current test [5] can be used to check short-circuit turns in the field coils. 
When an AC current is passed through a field coil, any that sustain shorted turns will 
show up because they require reduced voltage compared to a healthy coil 
(iv) The surface temperature of the commutator under different service conditions 
may indicate abnormal operating conditions [106]. A radiation pyrometer was 
developed by the British Scientific Instrument Research Association (to the 
requirements of British Railways) especially for this purpose. 
(v) Kennedy and Gates [107] used a proximity probe, fixed on to the back of a brush, 
to measure the surface irregularity of the commutator. This test may be used to check 
the concentricity of commutator and shaft, armature balance, and alignment. 
5.3.3 On-line Inspection of Sparking, and the Commutation Chart 
Some sparking does not mean bad commutation. For example, motors with variable 
loads spark quite noticeably at either or both edges of the brush as the current rises 
and falls, and yet may not be regarded as having too much sparking. 
However, excessive sparking can cause disastrous damage to the motor, and so it is 
important to have some method to indicate the degree of sparking on a motor. Figure 
5.1 shows an example of a commutation chart. Sparkless or black commutation is 
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No. 1. Pinpoint sparking is No. 1 1~ . Light sparking is 1 { and so on [5]. The 
classifications in between 1 { and 2 ~ could be rather subjective. 
No. l No. 1 1~ No. Ii No. 11 
I I . l~ I 
Black commutation Pin point Slight continuous Bright continuous no sparking sparking sparking sparking 
No. 2 N 11 0. -2 No.3 No.4 
I l I I 
Light line Heavy line Vicious sparking Glowing 
sparking sparking (with streamers) (add sparking no.) 
Figure 5.1 Commutation chart to define sparking [5] 
The colour of sparking may give some guide to health of the motor [5]: 
• Dul yelow sparks are normaly harmless. 
• White sparks, unless intense, are not serious but may increase brush wear. 
• When high rates of brush wear occurs, particles of red hot carbon come from 
the brush and may give red sparks. 
• Blue and green briliant sparks may indicate a serious winding fault. 
Most sparking occurs on the trailing edge of the brushes but sparking on the entering 
edge can be caused by mechanical imperfections resulting in the brush actualy 
bouncing off the commutator. 
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Obviously these methods are subjective and far from infallible. For example, the 
eyesight .of the observer and the amount of light (daylight or artificial light) will 
affect the appearance of sparking. Attempts have been made to assess sparking by 
measuring one of its physical or electrical effects for commutation testing, such as 
the amplitude of the high frequency signal generated by a sparking commutator 
[108], using light sensitive cells [109] and photoelectric sparking sensor [110]. None 
of these provide a simple sparking meter. 
5.4 Frequency Components of DC Motor Currents 
Motor current spectral analysis can be applied to detect defects and it has the 
advantage that it can be easily carried out in the substation at a distance from the 
motor. 
When the armature and field current of a DC motor are supplied by a rectifier, the 
current waveforms are ideally DC plus ripple frequencies. A three-phase full-wave 
, 
rectifier will have a fundamental ripple frequency at 300Hz, while a single phase one 
has it at lOOHz. 
The slot openings of the armature will induce permeance variations in the air gap, 
which results in slot frequency and its harmonics being induced in the current 
waveforms. 
5.5 Tests on Laboratory DC Motors 
Three DC motors were tested. The armature of each was supplied by a three phase 
rectified voltage and it was loaded by a generator (either AC or DC) and resistor 
combination, shown in figure 5.2. 
Motor armature and field currents, were monitored with a clip-on "Rogowski" coil 
described in the next section. The corresponding output voltage was amplified, low-
pass filtered and then digitised using a computer equipped with a 12-bit ND card 
(Appendix B). The sampling rate is lOkHz, and 65536 data points are captured for 
each measurement. 
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To the filter box and PC 
Full-wave 
Recllf1er 
Figure 5.2 Testing of laboratory DC motors 
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5.5.1 Air-core Current Transformer for DC Motor Current Monitoring 
In order to monitor the DC motor currents, an appropriate current transducer had to 
be designed. The conventional current transformer cannot be used because DC 
saturates the core, and any superimposed AC currents are not noticed. Furthermore, 
the electrical noise inside the control cubicle of a thyristor-controlled DC motor 
prevents successful operation of a Hall Effect clip-on ammeter (Appendix B). Instead 
an air-core clip-on "Rogowski" coil was designed to monitor the fault-related 
frequencies in armature and field current. The coil is not made with ferromagnetic 
material in its core, so that it cannot be driven into saturation by the DC. When a 
conductor carrying current i, passes through a Rogowski coil, the coil generates a 
voltage e 
8 
proportional to the coil' s mutual inductance M, and the time rate of 
change of current [111-112], ie e g (t) = M di(t) . The RMS voltage E corresponding 
dt 
to a current of frequency oo rad/sec and RMS amplitude I, is E = mMI. 
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Obviously, the Rogowski coil ignores DC. The amplitude of the output voltage is 
proportional to the frequency. It means that the higher frequency components will 
have larger amplification. These characteristics are good for detecting the slot 
harmonics and the commutator bar frequency, as they are relatively high frequency 
but very small amplitude related to the DC level. The design of the Rogowski coil is 
outlined in Appendix A4.4. 
Because it ignored DC there is a difficulty in knowing the absolute amplitude of 
voltage from the Rogowski coil. By comparison the voltage from a CT on a induction 
motor always has the zero dB level as the supply frequency. However, the zero dB 
frequency of armature or field current may be the rectifier ripple frequency, the slot 
frequency, or the commutator bar frequency (or their harmonics). For comparison 
purposes, in the following sections, the zero dB frequency of the spectrum analysis is 
the rectifier ripple frequency (lOOHz or 300Hz). If necessary, this can be related to 
the DC current by looking at the spectrum of the current obtained from the Hall 
Effect ammeter. Both amplitudes are large enough not to be adversely affected by 
spikes of current caused by thyristor. 
5.5.2 The Effect of the Interpole Strength on DC Motor Currents 
The motor for this test was an old 2.9HP, 4-pole DC motor (M45, Appendix A2.l) 
with 28 slots and 83 segments. It has separate terminals for the interpole winding. 
The motor was first run at full load at 1040 rpm with the interpole winding 
connected. The rotational frequency fr is equal to 17.33Hz. No sparking could be 
seen. The commutator bar frequency (fcb = 83 x fr) was expected to be about 
1438.4Hz (17.33Hzx83). 
The armature and field current waveforms were recorded using the Rogowski coil. 
Figure 5.3 shows the frequency spectrum of the armature current in the 0 to 500Hz 
range. The zero dB frequency is the slot frequency f slot , 28 fr . The ripple frequency 
from the rectifier supply is at 300.lHz with an amplitude of -2.9dB relative to the slot 
frequency. The commutator bar frequency is at 1438Hz, with amplitude of -26dB 
(about 5% of the slot harmonic amplitude), as shown in figure 5.5. The sidebands, 
that are separated from the commutator bar frequency by ±fr and ±2fr, are also 
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prominent. These results are summarised in table 5.1. Figure 5.7 shows the 
commutator bar frequency of the corresponding field current spectrum with results 
summarised in table 5.3. 
If there was sparking, a burst of sparks would be expected every time a commutator 
bar moved under a brush. By by-passing the interpoles on the motor, pin-point 
sparking (referred to in figure 5.1) occurred. The motor speed was 997 rpm and fr is 
equal to 16.63Hz. Figure 5.6 shows the commutator bar frequency and the sidebands 
that are separated by ±fr and ±2fr. The amplitude of the bar frequency increased to 
-19.5dB related to slot frequency. Figure 5.8 shows the field current spectrum. The 
results are summarised in table 5.2 and 5.4. 
In order to check whether any amplitude change of the slot frequency is due to the 
sparking, the zero dB frequency (slot frequency) of the spectrum was converted to 
rectifier ripple frequency (300Hz for armature current and lOOHz for field current). 
The conversion results show that the slot frequency component in the armature and 
the field current was slightly increased. A significant amplitude change occurred to 
the commutator bar frequency and its nfr sidebands in the armature and the field 
current spectra. The amplitude of the four-times-speed frequency was relatively 
larger than the rest of the speed harmonics, due to the salient poles (it is a four-pole 
motor). 
When commutation occurs, the turns of the commutating coil lie on the main pole 
axis. The occurrence of sparking at the brushes when the commutating coil leaves the 
brush is due to the rapid adjustment of the coil current amplitude to the branch 
armature current amplitude. This current adjustment must be accompanied by a 
corresponding change in flux in the field poles, which results in a corresponding 
amplitude change at the same commutator bar frequency in the field current. 
Frequency (Hz) 300.1 484.9 1403 1420 1438 1455 1472 
Frequency factor 6ft fszot fcb-2f,. fcb - fr fcb fcb +fr fcb +2fr 
dB (related fszot) -2.9 0 -49.0 -36.2 -26.0 -32.2 -46.0 
dB (related to 300Hz) 0 2.9 -46.1 -33.3 -23.1 -29.3 -43.1 
Table 5.1 The results of the armature current spectrum of M45 with interpole 
connected 
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Frequency (Hz) 300 465.5 1347 1363 1380 1397 1413 
Frequency factor 6fi fszot fcb -2fr fcb - fr fcb fcb +fr fcb +2fr 
dB (related fszot ) -6.4 0 -35.1 -23.0 -19.5 -27.5 -37.3 
dB (related to 300Hz) 0 6.4 -28.7 -16.8 -13.1 -21.1 -30.9 
Table 5.2 The results of the armature current spectrum of M45 without interpole 
Frequency (Hz) 100.1 485.7 1405 1423 1440 1457 1475 
Frequency factor 6fi fszot fcb-2fr fcb - fr fcb fcb +fr fcb +2fr 
dB (related to fszot) -4.9 0 -39.8 -24.9 -19.2 -23.7 -32.1 
dB (related to lOOHz) 0 4.9 -34.8 -19.9 -14.2 -18.7 -27.1 
Table 5.3 The results of the field current spectrum of M45 with interpole connected 
Frequency (Hz) 100.1 465.2 1346 1362 1379 1396 1412 
Frequency factor 6fi fszot fcb-2fr fcb - fr fcb fcb +fr fcb +2fr 
dB (related fszot ) -7.8 0 -25.8 -14.3 -10.8 -17.9 -23.0 
dB (related to lOOHz) 0 7.8 -18.0 -6.5 -3.0 -10.l -15.2 
Table 5.4 The results of the field current spectrum of M45 without interpole 
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Figure 5.3: Frequency spectrum of the derivative of armature current with interpole 
winding connected (M45) 
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Figure 5.4: Frequency spectrum of the derivative of field current with interpole 
winding connected (M45) 
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Figure 5.5: The commutator bar frequency harmonics of armature current with 
interpole winding connected (M45) 
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Figure 5.6: The commutator bar frequency harmonics of field current with interpole 
winding connected (M45) 
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Figure 5.7: The commutator bar frequency harmonics of armature current without 
interpole winding (M45) 
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Figure 5.8: The commutator bar frequency harmonics of field current without interpole 
winding (M45) 
5.5.3 The Efect of Open-circuit and Short-circuit Armature Coil on DC 
Motor Currents: 0.5HP Davey Motor 
The first motor for this test was a 2-pole 0.5HP lap winding motor (F.W. Davey & 
Co, rated at 1500rpm, Va=180V, ia=2A, VF220V, iF0.2A, more detail in Appendix 
A2.3). It did not have interpoles. It has 16 slots and 48 commutator bars (three coils 
per slot). The healthy motor was first run at 1720 rpm at rated load and speed. The 
rotational speed frequency fr was 28.67Hz. Figure 5.9 shows the frequency 
spectrum of the armature current in the zero to 300Hz range. The zero dB frequency 
is 300Hz, which is the rectifier ripple frequency. Multiples of speed frequency and 
time harmonics are visible. The amplitude of two times and four times the speed 
frequency is relatively high, as it was a 2-pole motor. The amplitude of significant 
components is summarised in table 5 .5. A similar frequency patern is found in the 
field current, as shown in figure 5.11. The zero dB frequency of the field current 
spectrum was the commutator bar frequency, this was converted to 300Hz rectifier 
ripple frequency at zero dB (a three-phase ful wave rectifier was used for the field 
supply) and is shown in table 5.7. 
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fr 2fr 3fr 4fr 5fr 6fr 1fr 8fr 6.fi fslot fcb 
(Hz) 28.6 57.2 85.9 114.5 143.1 171.7 200.4 229.0 300.1 458.1 1374 
(dB) -52.1 -18.6 -49.0 -18.9 -53.9 -39.3 -54.6 -34.4 0 -2.0 -19.6 
Table 5.5: The armature current spectrum of the Davey motor with good armature 
fr 2fr 3fr 4fr 5fr 6f, 1f, 8fr 6.fi fszot fcb 
(Hz) 27.6 55.4 83.0 110.6 138.4 166.0 193.6 221.4 300.l 442.8 1328 
(dB) 
related to -34.l -17.4 -28.l -13.2 -27.6 -17.4 -28.l -17.5 -1.1 0 -18.0 
fszot 
(dB) 
related to -33.0 -16.3 -27.0 -12.1 -26.5 -16.3 -27.0 -16.4 0 1.1 -16.9 
300Hz 
Table 5.6: The armature current spectrum of the Davey motor with an open-circuit 
armature coil 
One armature coil was deliberately disconnected from a commutator bar. The DC 
level of the armature current dropped to two-thirds normal value. Figure 5.10 shows 
the frequency spectrum of the armature current. The zero dB frequency was the slot 
frequency and was converted to 300Hz, the rectifier ripple frequency. The 
background noise level increased by about 20dB. The amplitude of the multiples of 
the speed frequency increased significantly except at two times and four times the 
speed frequency. Results are summarised in table 5.6. 
The corresponding field current spectrum is shown in figure 5.12, and results are 
summarised in table 5.8. The zero dB frequency of the field current is 300Hz, the 
rectifier ripple frequency. No significant change of background noise level or speed 
harmonics can be found in the field current spectrum. 
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fr 2fr 3fr 4f,. 5f,. 6fr 7 fr 8f,. 6fi hlot kb 
(Hz) 29.2 58 .4 87.7 116.9 146.l 175.3 204.6 233.8 299.8 467.5 1403 
(dB) 
related to -33 .9 -10.2 -30.3 -20.4 -31.0 -35 .9 -31.1 -22.6 -5.4 -6.5 0 
f cb 
(dB) 
related to -25.8 -4.8 -24.9 -15 .0 -25 .6 -30.5 -25.7 -17.2 0 -1.l 5.4 
300Hz 
Table 5.7: The results of the field current spectrum of the Davey motor with good 
armature 
fr 2 fr 3fr 4fr 5fr 6fr 7fr 8fr 6fi hlot fcb 
(Hz) 26.7 53.4 80.l 106.8 133.5 160.2 186.9 213 .7 300.l 427.3 1282 
(dB) -27.4 -8.56 -25.2 -16.7 -19.7 -23.4 -16.7 -25.7 0 -6.6 -0.55 
Table 5.8: The results of the field current spectrum of the Davey motor with an open-
circuit armature coil 
Amplitude (dB) 
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Figure 5.9: Frequency spectrum of the derivative of armature current with a good 
armature (Davey motor) 
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Figure 5.10: Frequency spectrum of the derivative of armature current with an open-
circuit armature coil (Davey motor) 
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Figure 5.11: Frequency spectrum of the derivative of field current with a good armature 
(Davey motor) 
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Figure 5.12: Frequency spectrum of the derivative of field current with an open-circuit 
armature coil (Davey motor) 
fu order to simulate a short-circuit in the armature winding, the 'start' of the first coil 
is shorted to the 'end' of the third coil. Two segments away a Hall plate was attached 
to the motor frame to get an estimation of the short-circuit current by the amplitude 
of its magnetic field, because there was no way of getting at the shorted coil itself. 
When the motor was stationary, a known current was injected into adjacent 
commutator segments, and the maximum Hall plate voltage was noted as the rotor 
was turned by hand. The 'calibrated' Hall plate voltage gives a rough idea on the 
amplitude of the current in the shorted coil and showed that isc is proportional to 
armature voltage. As a result, only a fraction (57.4 volt) of rated armature voltage 
was supplied to the motor, to avoid damage to the shorted coil. The field current was 
0.2A and the motor was loaded to 2A of armature current. Figure 5.13 and 5.14 show 
the corresponding frequency spectrum of the armature and field current. Both spectra 
are dominated by speed frequency and its multiples. The relative amplitude of these 
components is summarised in tables 5.9 and 5.10. 
The zero dB component is 300Hz (from a three-phase rectifier). The relative 
amplitude of the speed frequency in the armature current shows a 30dB increase 
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compared with the 'healthy armature' case. The rest of the multiples of frequency 
components have 10 to 20dB increases in amplitude. The commutator bar frequency 
component in armature current is low, 3 l.2dB down from the 300Hz ripple. As the 
motor was run at very low speed, 485rpm, longer commutation time is provided for 
the current reverse process in the commutating coils. Less sparking occurs at the 
trailing brush tip and hence the commutator bar frequency component in armature 
current is of low amplitude. 
fr 2fr 3fr 4fr 5fr 6fr 1fr 8fr 6fi. !slot fcb 
(Hz) 8.1 16.2 24.3 32.2 40.3 48.4 56.5 64.5 300 128.9 387.0 
(dB) -23.0 -9.0 -35.8 -18.4 -26.2 -18.8 -35.6 -33.7 0 -6.0 -31.2 
Table 5.9: The results of the armature current spectrum of the Davey motor with a 
short-circuit armature coil 
In the spectrum of the corresponding field current, only the double, triple, and the six 
times multiple of speed frequency components have as much as lOdB increase in 
their relative amplitude. 
fr 2fr 3fr 4fr 5fr 6fr 1fr 8fr 6fi. fslot kb 
(Hz) 8.1 16.2 24.3 32.4 40.4 48.5 56.6 64.5 300 129.2 387.7 
(dB) -30.6 -0.9 -18.9 -22.0 -26.6 -17.4 -33.7 -22.5 0 -12.2 -6.2 
Table 5.10: The results of the field current spectrum of the Davey motor with a short-
circuit armature coil 
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Figure 5.13: Frequency spectrum of the derivative of the armature current with a short-
circuit armature coil (Davey motor) 
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Figure 5.14: Frequency spectrum of the derivative of the field current with a short-
circuit armature coil (Davey motor) 
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5.5.4 5kW Motor with Openmcircuit Armature Coils (M87) 
The motor for the load test was rated at 5kW, 500V. It had a 4-pole, wave winding 
(M87, Appendix A2.2) with 39 slots and 117 commutator bars. The speed was 1330 
rpm when the motor had a good armature so fr is 22.17Hz. Figure 5.15 shows the 
frequency spectrum of the armature current. The zero dB frequency is 300Hz. 
Multiples of speed frequency and time harmonics dominate. The amplitude of four 
times speed frequency is relatively larger than the rest. A similar frequency pattern 
can be found in the field current, shown in figure 5.17. The zero dB frequency for 
this is lOOHz. 
With one open-circuit armature coil, the load test could only be carried out at half 
load because serious sparking started and there was a risk of flashover. Spikes 
occurred on the waveform in the time domain. The background noise level of the 
armature current spectrum increased about 20dB, due to the sparking, as shown in 
figure 5.16. The amplitude of the multiples of the speed frequency increased 
significantly, except for fundamental speed frequency. 
However, no spikes occurred on the field current waveform. The background noise 
level of the field current spectrum is the same as with a good armature, as shown in 
figure 5.18. No significant amplitude change of the speed harmonics was found. 
Results are summarised in tables 5.11, 5.12, 5.13 and 5.14. 
fr 2fr 3fr 4fr 5fr 6fr 7fr 8fr 6fi fszot fcb 
(Hz) 22.1 44.4 66.5 88.6 110.9 133.1 155.2 177.5 300.1 864.7 2594 
(dB) -41.6 -51.5 -45.5 -39.0 -50.6 -46.2 -56.l -47.1 0 -37.0 -32.1 
Table 5.11: The results of armature current of M87 with good armature 
fr 2fr 3fr 4fr 5fr 6fr 1fr 8fr 6fi fs1ot fcb 
(Hz) 23.2 46.7 68.9 93.0 113.5 139.8 163.0 186.2 300.1 907.6 2723 
(dB) -39.8 -31.6 -33.6 -23.5 -32.2 -29.9 -32.1 -26.0 0 -32.0 -37.3 
Table 5.12: The results of armature current of M87 with an open-circuit armature coil 
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fr 2fr 3fr 4fr 5fr 6fr 7fr 8fr 6ft fszot fcb 
(Hz) 23.2 46.4 69.7 92.9 116.1  139.3 162.5 185.9 100.1 904.5 2723 
(dB) -51.0 -40.3 -42.4 -36.9 -48.3 -38.7 -51.l -39.9 0 -36.3 -44.0 
Table 5.13: The results of field current of M87 with a good armature 
fr 2fr 3fr 4fr 5fr 6fr 1fr 8fr 6ft fszot fcb 
(Hz) 22.l 44.4 66.5 88.6 110.8 133.1 155.2 177.3 99.5 864.7 2594 
(dB) -45.3 -48.8 -41.8 -38.7 -42.5 -46.7 -43.4 -37.9 0 -37.3 -40.8 
Table 5.14: The results of field current of M87 with an open-circuit armature coil 
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Figure 5.15: Frequency spectrum of the derivative of armature current with a good 
armature (M87) 
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Figure 5.16: Frequency spectrum of the derivative of armature curent with an open-
circuit armature coil (M87) 
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Figure 5.17: Frequency spectrum of the derivative of field curent with a good armature 
(m87) 
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Figure 5.18: Frequency spectrum of the derivative of field current with an open-circuit 
armature coil (M87) 
When there is an open-circuit coil in one of the two parallel armature circuits, a 
massive change in current occurs when the faulty coil passes under the brush. It 
induces disastrous spikes and noise in the armature current waveform. 
When there is a short in one armature coil, a large current is induced in the shorted 
coil, which induces a large flux change and generate magnetic pull to the rotor. 
Hence, speed frequency and its multiples become dominant. 
Experiment shows that the field current spectrum does not reflect the change 
armature circuit because the armature winding and the field winding are in electrical 
space quadrature, and the magnetic coupling factor is very low. 
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5.6 Summary 
It is essential that commutation be correct. Sparking will cause excessive wear of the 
brushes and the commutator. The nature of the effect is governed by the brushgear, 
the interpole strength and motor defects. This chapter first summarised the methods 
available for "measurement" of sparking, and for fault identification. Visual 
observation of sparking is most widely used in industry to assess DC motor 
condition. Off-line tests for winding defects may be used (but were not done at either 
of the two paper mills where we took measurements) and no serious attempt has been 
made to do on-line monitoring techniques to detect DC motor defects. 
This chapter describes the preliminary tests that were carried out on three laboratory 
DC motors. The motors were run on full load steady state, with and without defect 
windings. The armature and field current waveforms were monitored by an air-core 
Rogowski coil. Spectrum analysis of the waveforms detected the amplitude change of 
some frequency components, due to the defects. 
Results showed that the armature and field current spectrum of a healthy motor is 
dominated by rectifier ripple frequency and the speed harmonics (integer multiples of 
speed frequency). 
The effect of incorrect interpole strength on the DC motor currents was investigated; 
by-passing the interpole windings caused pin-point sparking. The frequencies due to 
incorrect interpole strength can be expressed as fups = fcb ± nfr , where n is integer 1, 
2, 3, .. , fcb is commutator bar frequency, ie number of commutator segment times 
speed frequency, and fr is rotor speed frequency. 
Two motors were tested with and without armature defects. The two pole motor (one 
brush pair), with a fault showed the amplitude of the multiples of the speed frequency 
of armature current to increase. The speed frequency has a larger increase in 
amplitude than the rest. For a four-pole motor (two brush pairs) with a fault, the 
amplitude of the even speed harmonics has a larger amplitude increase than the rest. 
The amplitude of the speed frequency does not change. These observations show that 
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the frequency component due to armature defects can be expressed as focac = N bp fr , 
where N bp is number of brush pairs. 
However, the effect of these defects on the field current is not significant, due to the 
low magnetic coupling factor between the field and armature circuit. 
As the fault-related frequencies can be present in a good armature, and the existence 
of armature damage has to be indicated by a significant change in the amplitude of a 
particular frequency, a numerical model is needed to get a better understanding of 
what is a significant change. Chapter 6 describes numerical models of the Davey 
motor with open-circuit or short-circuit armature coil at steady state operation. 
Coupled coil theory was used, and all individual armature coils were modelled. The 
results discussed in this chapter are backed up by predictions from the model. 
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Chapter 6 
Numerical Modelling of DC Motors 
with Open-circuit and Short-circuit 
Armature Coils 
Chapter 5 gives some preliminary test results on laboratory motors to demonstrate the 
effect of an open-circuit or a short-circuit armature coil on the armature and field 
current waveform. The experimental results show that the fault-related frequencies 
(predominantly speed frequency and its multiples) are often present in the armature 
and field current of a healthy motor, and that armature coil damage can only be 
reliably indicated by a significant change in the amplitude of the particular 
frequencies. In order to get a better understanding of what is a significant change of 
amplitude, a DC motor with an open-circuit or short-circuit armature coil was 
modelled in order to compute the waveform of the armature and field current at 
steady state condition. 
In general, there are two distinct methods of simulating electric machines: finite 
element analysis and coupled circuit analysis. Finite element analysis effectively 
breaks the machine up into very small regions and then solves the magnetic field 
equations subject to constraints at the boundaries of each of these regions [114]. A 
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complete flux pattern in the machine can thus be built up. It requires a large amount 
of computer processing power and time to solve the equations. Finite element 
analysis is not used in this thesis for this reason. This type of model is mostly used 
for design purposes, but it does not give voltage or current waveforms directly and is 
therefore of less use for the purposes of this research than the coupled coil model. 
The alternative to finite element analysis is to model the machine as a set of 
inductively coupled coils and hence from its equivalent circuit. Any voltages and 
currents can then be calculated directly by solving the equivalent circuit equations. 
The simple two-winding equivalent circuit is the most common one for a healthy DC 
motor in steady state operation. There is one stator field winding that consist of a two 
or four series connected coils depending on the number of poles, and one armature 
winding that consist of the various coils interconnected at the commutator. It can not 
model a shorted coil. 
Jones [125-126] used the coupled coil (also known as unified-machine) theory to 
elucidate the mechanism of commutation and the performance of DC motors. Four 
coils were used in the model: (i) The stator field winding, (i) the interpoles (that form 
a second stator winding in electrical space quadrature with the field winding), (iii) the 
main armature, excluding the commutating coils, (iv) the commutating coils. Each 
stage of analysis was supported with a comprehensive series of experimental results. 
A particularly valuable feature is the development of methods for the measurement of 
the machine inductance. 
Guhmann and Filbert [113] detected and localised faults in the rotor of low-power 
universal motors by analysing the current signal in time and frequency domain. Five 
250W, 12,000 rpm, 32 commutator segments universal motors were specially 
prepared for the tests. Motor 1 had an unconnected armature winding. Motor 2 had 
one commutator segment with a different height to the others. Motor 3 had a short 
circuit between adjacent commutator segments. Motor 4 had an eccentric 
commutator, and motor 5 was a healthy motor. Since the current waveforms were not 
sampled with a constant sampling rate, the frequency spectra were plotted as 
multiples of the rotating frequency. The current spectra were calculated by using 
linear prediction method (Burg Algorithm). The results of low-power universal 
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motors in good condition and different kind of fault conditions were presented in 
time and frequency domain. However, no general conclusion was made for the extra 
frequency components caused by different kind of faults. 
Application of a parameter estimation method to the diagnosis of low-power DC and 
AC motor drive systems has been reported by Filbert, Schneider and Nold [113, 115-
121]. An electric motor drive system can be described by energy balance equations, 
and continuous time models can be used. The state values given from the energy 
balance equations have to be measured and the loss function has to be minimised by 
an estimator such as least-squares. As balance equations are used to describe a 
functional model of a motor, which is a power converter, detectable faults must be 
related to a significant change of the power distribution in the motor, such as winding 
defects or brushes. Faults that only produce acoustic noise or vibration, such as 
bearing, gear, or commutator faults, cannot be detected by the parameter estimation 
method. 
Krisch [122] investigated the commutation of a DC machine with a wave winding. 
Based on the assumption that the coil in each slot is identical, only one coil needed to 
be modelled. The commutation properties of the wave winding was computed and 
compared to experimental measurement. He concluded that the frequency of the 
pulsation of the armature current equals (number of commutator segments) times 
(speed frequency), and the current density on the leaving brush edge might be several 
times more than that of nominal value for late commutation. 
A recent paper on DC motors is by Glowacz [123]. He modelled two DC motors with 
the field and armature coils as connected individual coils. One of them was a 52 slot 
lap-winding motor, and the other one was a 53 slot wave-winding motor. The 
inductance of the coils was determined by the air gap permeance function, expressed 
as a Fourier Series. The effects of the short- and open-circuit of the armature coils 
were simulated. This six-page conference paper briefly described the development of 
this model. Only short-circuit armature coil measurement results were given and 
compared. No conclusions were made for any fault-related frequency components of 
motor current. No references were in English. 
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One of the references that Glowacz referred to for the determination of the machine 
inductances was Schroder and Oberretl's paper [124]. It is a German paper, which 
was translated for me by a German student in the Department of Electrical 
Engineering and Computer Science of the University of Tasmania. This paper 
described a method of calculation of all current and voltage (eg bar-to-bar voltage) 
waveforms of a DC motor. It is based on field-harmonic theory, which takes all 
armature reactions between stator and rotor into account. The rotor position 
dependent self- and mutual inductances are obtained by finite element calculations 
and then resolved into Fourier series. The brush-commutator is simulated by brush 
contact resistances, which depend on the rotor positions. The function of brush 
resistance over time is periodically extended to an odd function and eventually 
resolved into Fourier series. The calculation was based on a very simple three-slot 
machine such as would be used for a model railway engine hardly an industrial 
applications. The brush-commutator contact resistance, armature current, field 
current, armature coil current and bar-to-bar voltage were measured and compared to 
the calculated values. The authors made no conclusions. 
This chapter examines a healthy DC motor model for steady state operation, using 
coupled coil theory. The model is then adapted for the modelling of an open-circuit 
armature coil. A similar approach models a short-circuit armature coil. These models 
specifically used the construction details of a laboratory motor to simulate individual 
field coils, armature coils, and 'faulty' coil. Some simulation results of the armature 
and field current from this model are reported and are compared with the 
experimental measurements. 
6.1 The Coupled Coils Theory 
Consider a system with k magnetically coupled electric circuits. Assume that each 
circuit can be represented by concentrated coils so that all fluxes in a coil link every 
turn of that coil. In general, the flux produced by each coil can be separated into two 
components, ie the self-flux and (n-1) components of mutual flux. The self-flux of 
the k'h coil consists of the magnetising flux, <I> mk , which links all the other coils, 
and the leakage flux, <I> lk • The leakage component is denoted with a l subscript and a 
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magnetising component denoted by a m subscript. The flux linking each coil may be 
expressed 
n 
<I> k = <I> lk + <I> mk + L <I> nj 
j=I 
rt-k 
With N k turns of coil k, the flux linkages are 
n 
Ak =Nk<l>k =Alk +Amk + LAnj 
1=1 
rt-k 
These components may be written in terms of the air gap permeance, A , as 
Azk = N k <I> lk = Azk Nfik 
Amk = Nk<l>mk = AmkNfik 
Azk = Nk<l>kj = Ak1NkNi1 
where ik is the current of coil k. 
Hence, the following inductances may be defined: 
Self inductance: 
Mutual inductance between coil k and coilj: 
as the permeance A /g = A Jk • 
(6.1) 
(6.2) 
(6.3) 
(6.4) 
(6.5) 
The total flux linkage for each of the n coils can be expressed in matrix form using 
equations (6.3-6.5): 
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A-1 Li M11 MI3 Mrn 
Az Mz1 Lz Mz3 Mzn 
/..=Li::::} A3 = M31 M32 L3 M3n 
MnI Mnz Mn3 
The voltage equation of coil k is: 
The voltage equations of the system in matrix form are: 
Ri 
a;.,, 
V= +-
dt 
ir 
iz 
i3 
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(6.6) 
(6.7) 
(6.8) 
and if inductance matrix, L, and current matrix i, are time varying, then equation 
(6.8) becomes: 
Ri .dL Ldi V= +1-+ -
dt dt 
(6.9) 
Equation (6.9) can be written as the first order differential equation of the form 
dy = f(t, y(t)) as 
dt 
di _ L-1 L-r(R dL)· -- V- +-I 
dt dt 
(6.10) 
This is usually expressed as an initial value problem and can be solved numerically. 
Models can either use equation (6.9), or equations (6.6) and (6.8) can be used 
simultaneously. 
6.2 The First Approach of Coupled Coil Model of the DC 
Machine with Individual Armature Sub Coils Modelled 
Coupled coil theory models a DC machine by considering both the field and armature 
to consist of sets of concentrated coils. In order to develop such a model, the 
construction details of the motor have to be known. For the rotor, this includes the 
Chapter6. Numerical Modelling of DC Motors with 
Open-circuit and short-circuit Armature Coils 125 
number of coils, number of slots, the physical dimensions of the brushes and the 
commutator bars, and the physical arrangement and connection of the armature coils. 
This model is based on a 2-pole, 112 HP, 16 slots, and 48 segments motor (Davey 
machine, Appendix A2.3). It has a simplex-lap winding with 16 coils. Each coil is 
made up of three 17-tum sub coils in series, as shown in figure 6.1. Coil 1 is made up 
of sub coils la, lb, and le. The coil span is 7 slots and the brush width is 4 times the 
commutator bar width. Figure 6.2 shows a portion of the connection of the armature 
winding and the brush-commutator set. 
a b c a b c 
Figure 6.1: Three sub coils per slot of Davey machine 
Slot 1 Slot2 Slot 8 
Three Sub Cotls per Slot 
< 
coil motion 
Rp1Rp2Rp3Rp4Rp5 
Figure 6.2: The armature circuit of the Davey Machine 
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The first approach was based on the sub coils. The operation of the machine was 
simulated with 4S intervals per revolution (4S segments 7.5 mechanical degrees 
apart). It is assumed that the reference point (rotor position = zero mechanical 
degrees) is that when the brush only contacts segments 15c, 16a, 16b, and 16c. When 
the rotor moves, segment la moves toward the brush, ie sub coil 16c starts to 
commutate. The brush contacts segments 15c, 16a, 16b, 16c, and la. Five contact 
resistors can model each brush. Rpk are the positive brush contact resistors, where 
k=l, 2, 3, 4 and 5. These resistance values depend on the segment-brush contact 
surface and are time varying. Rnk are the corresponding contact resistors of negative 
brush that are not shown in figure 6.2. 
Figure 6.3 shows the equivalent circuit of the armature of the Davey machine. The 
armature circuit was modelled as 10 individual coils in two parallel paths. Each path 
is formed by 20 sub coils in series and is modelled by two coils named as S1 and S2 • 
Four coils are under commutation at positive brush named, Cpm, where m=l, 2, 3 
and 4. At this rotor position, they correspond to sub coils 15c, 16a, 16b and 16c 
respectively. Coils Cnm are commutated under negative brush, corresponding to sub 
coils 7c, Sa, Sb, and Sc. As the machine is modelled as a generator, the generated 
voltage is supplied to a load resistor. It is expected that the harmonic contents in the 
field and armature current are the same when the machine is operated at motor mode 
or generator mode. The field circuit, which is not shown here, can simply be 
represented by a coil supplied by a constant voltage. 
Rpl ~ Rp2 > Rp3 > Rp4 ~ RpS 
Cpl, coll !Sc Cp2, coll 16a Cp3, coll 16b Cp4,coll 16c 
) 
SI S2 
) 
Load resistor ~ ) 
) 
Cn4,co1l 8c Cn3, cml Bb Cn2, cm! Ba Cnl,cotl 7c 
;> Rn5 ? Rn4 s Rn3 '> '> Rn! > Rn2 > > . ;> 
Figure 6.3: The equivalent circuit of the Davey machine-complete model 
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All the coils in the equivalent circuit are magnetically coupled to each other. It is 
assumed that all the fluxes in each coil link every tum of that coil, ie "concentrated". 
The total flux linking any one of the coils is the superposition of the self-flux and the 
mutual fluxes. The differential equations of the rotor can be written as an equation 
(6.10), in which resistance and inductance matrixes are now 11by11. 
In order to solve equation (6.10) numerically, the calculation of the inverse of the 
inductance matrix is involved. As the sub coils in each slot have the same physical 
structure and position, the flux linkages of these sub coils are the same. Since there 
are always at least three coils under commutation, it means that there will be at least 
two rows of the inductance matrix numerically very close or equal. For example, at 
the rotor position shown in figure 6.2, the corresponding inductance matrix is 
Lff Muse Mf_16a MU6b Mu6e Mc1e Mesa Mf_Sb Mcse Mf_s2 Mf_sl 
Muse Lise m1se_l6a m1se_l6b m1se_l6e m1se_7e m1se_Sa m1se_Sb m1se_Se m1se_s2 m1se_sl 
MU6a m1se_l6a L16a m16a_l6b m16a_l6e m16a_7e m16a_Sa m16a_Sb m16a_Se m16a_s2 m16a_sl 
Mc16b m1se_l6b m16a_l6b L16b m16b_l6e m16b_7e m16b_Sa m16b_Sb m16b_Se m16b_s2 m16b_sl 
Mu6e m1se_l6e m16a_l6e m16b_l6e L16e m16e_7e m16e_Sa m16e_Sb m16e_Se 
L= Mc1e m1se_7e m16a_7e m16b_7e m16e_7e L1e m7e_Sa ffi7e_Sb 
Mesa m1se_Sa m16a_Sa m16b_Sa m16e_Sa ffi7e_Sa Lsa msa_Sb 
Mesh m1se_Sb m16a_Sb m16b_Sb m16e_Sb ffi7e_Sb msa_Sb Lsb 
Mcse m1se_Se m16a_Se m16b_Se m16e_Se m1e_Se msa_Se msb_Se 
Mcs2 m1se_s2 m16a_s2 m16b_s2 m16e_s2 ffi7e_s2 msa_s2 msb_s2 
Mesi m1se_sl m16a_sl m16b_sl m16e_sl ffi7e_sl msa_sl msb_sl 
As the sub coils 16a, 16b and 16e are in the same slot, then 
m16a_7e = ml6b_7e = m16e_7e 
m16a_Sa = m16b_Sa = m16e_Sa 
m16a_Sb = m16b_Sb = m16e_Sb 
m16a_Se = m16b_Se = m16e_Se 
m16a_sl = m16b_sl = m16e_sl 
m16a_s2 = m16b_s2 = m16e_s2 
L16a = L16b = Li6e "" m16a_I6b = m16a_16e = m16b_I6e 
ffi7e_Se 
msa_Se 
msb_Se 
Lse 
mse_s2 
mse_sl 
m16e_s2 m16e_sl 
m1e_s2 m7e_sl 
msa_s2 msa_sl 
msb_s2 msb_sl 
mse_s2 mse_sl 
Ls2 ms2_sl 
ms2_sl Ls1 
(6.11) 
(6.12) 
Therefore, the third, fourth and fifth rows of the L matrix are numerically very close 
, or equal. A similar pattern will be obtained for the seventh, eighth and ninth row of 
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the matrix. The inductance matrix becomes singular and it is impossible to obtain the 
corresponding inverse matrix. 
As the three sub coils connected in series in the same slot have the same flux linkage, 
they can be treated as a single coil. Hence, the second approach of the DC machine 
modelling is based on such coils (ie one coil per slot) and will be discussed in the 
next section. 
6.3 Coupled Coil Model of the Davey Machine with One Coil per 
Slot 
This model of the Davey machine has the following assumptions: 
• The model merges three sub coils into one equivalent armature coil, there are 
thus 16 coil and 16 slots 
• the width of the commutator segment is three times the original, 
• the magnetic circuits are linear, 
• the unipolar flux is neglected, 
• the effect of the eddy current in iron is neglected, 
• the entire brush-commutator segment contact surface conducts current uniformly, 
• the commutator-brush set is approximated by variable resistors which are 
independent of current density and surface contact dimensions but dependent on 
rotor position, 
• the total brushes voltage drop is assumed to be 1 volt, 
• the ratio between negative and positive brush resistance is 1.25:1, 
• the width of the insulation strip between the commutator segments is neglected. 
In the following text, the term 'coil(s)' refers to a coil that is formed by three sub 
coils connected in series at the same slot. The coils are 22.5° apart in space from each 
other and the flux linkages of these coils are different. Hence, the singular inductance 
matrix caused by the physical structure of the sub coils is avoided. The commutator 
segment width ~s assumed to be three times the original. The commutation time of 
each coil is three times longer than the previous case. All resistance and inductance 
measurements of the motor are described in section 6.6. 
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In figure 6.5a, the relative positions of the positive brush and commutator segments 
are shown for the instant at which commutation is just beginning for coil 16. The 
rotor position in mechanical degrees firm is equal to zero. Before coil 16 starts to 
commutate, the positive brush partially contacts segments 15 and 16. Two resistors 
can be used to model the positive brush, RP1 and RP2 . The corresponding equivalent 
resistors of the negative brush are R nl and Rn2 , which are not shown. At this instant, 
the ends of coils 15 and 7 are connected to positive and negative brushes 
respectively. 7 coils form each of the parallel paths. Thus the Davey machine can be 
modelled by 5 concentrated coils: the field circuit, the two parallel paths of armature 
coils, and the two coils under commutation by the brushes. 
Figure 6.5b shows the position of the positive brush partially on segments 15, 16 and 
1. Coils 15 and 16 are connected to the positive brush (and coils 7 and 8 are 
connected to the negative brush) at 7.5° > B rm ~ 0 . Three resistors can be used to 
model each brush, Rpm and Rnm, where m=l, 2 and 3. Each parallel path consists of 
i 
six coils. At this interval, the Davey machine can be modelled by 7 concentrated 
coils: the field coil, the two parallel paths of armature coils, and four coils connected 
to the brushes. 
Figure 6.5c shows the corresponding positive brush position at the instant when the 
commutation of coil 15 ends, Brm = 7.5°. When 22.5° > Brm ~ 7.5°, coils 16 and 8 
are under commutation, ie the positive brush partially contacts segments 16 and 1 (or 
negative brush is partially on segments 8 and 9). Again, a 5-coil equivalent circuit 
can be used to model the Davey machine. 
The brush-commutator sets are modelled by two the positive brush resistance Rbp 
and the negative brush resistance Rbn. The combined value of Rpb and Rnb is 
determined by assuming the total brush voltage drop is 1 volt at rated current. Each 
brush-commutator contact resistance is proportional to the brush-commutator contact 
surface, and varies with rotor position. For example, when 30° > Brm ~ 45° the 
positive brush is formed by RP1 , and RP2 in parallel. The dashed and the solid lines 
in figure 6.4 show the contact resistance Rl (RP1 ), between the brush and segment 1, 
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and R2 (RP2 ) for segment 2 varying with rotor position. When segment 2 is moved 
towards the brush, R2 decreases from infinite to Rcom, that corresponds with the 
resistance value when segment 2 is totally covered by the brush. When segment 1 is 
moved apart from the brush, Rl increases from Rcom to infinite. The pattern of R2 is 
the same as Rl but having a 22.5 mechanical degrees phase shift related to Rl. It 
should be noted that the resistance axis of figure 6.4 is terminated at one ohm in 
order to display the pattern of Rl and R2. 
The operation of the Davey machine was simulated with 16 intervals of rotor 
positions in a revolution. The 7-coil equivalent circuit and 5-coil equivalent circuit 
are used to model the steady state operation of the Davey machine at each interval. 
The combination of coils used in the equivalent circuits is summarised in table 6.1 at 
different rotor positions. The equivalent circuits are discussed in detail in the 
following sections. 
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Figure 6.4: The brush-segment contact resistance of Davey machine 
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Rotation Direction 
Slot 1 Slot2 Slot3 Slot4 Slot5 Slot? Slot? 
positive brush (a) 
Rpl Rp2 
7.5 degrees 
f l 15 I 2 3 4 P"'itive j (b) 
Rpl Rp2 Rp3 
7.5 de ees 
15 16 2 3 4 
(c) 
Rpl Rp2 
22.5 degrees ----15 16 I 1 I 2 3 4 
pooitive b=j ! ~ (d) 
Rpl Rp2 Rp3 
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Slot8 Slot9 
7 
5 6 7 
5 6 7 
5 6 7 
Figure 6.5: The armature circuit of the Davey Machine at different rotor positions 
Chapter6. 
Rotor position 
enn 
O>Brm?.15 
75 > Brm?. 22.5 
225 > Brm ?. 30 
30 > (} nn ?. 45 
45 > Bnn?. 525 
525 > Brm?. 67 5 
675 > Brm?. 75 
75 > (}rm ?. 90 
90 > fJ rm ?. 97 5 
97 5 > (}rm ?.1125 
1125 > (}rm ?.120 
120 > (}rm ?. 135 
135 > Brm ?. 1425 
1425 > Brm ?. 157 5 
157 5 > Brm ?.165 
165 > (}rm ?.180 
180 > Brm?. 187 5 
187 5 > Brm?. 2025 
2025 > (}rm?. 210 
210 > (}rm?. 225 
225 > Brm?. 2325 
2325 > (}rm?. 247 5 
247 5 > Brm ?. 255 
255 > Brm?. 270 
270 > (}rm ?. 277 5 
277 5 > fJ rm ?. 2925 
2925 > fJ rm ?. 300 
300 > Brm?. 315 
315 > Brm?. 3225 
3225 > (}rm?. 337 5 
337 5 > (}rm ?. 345 
345 > Brm?. 360 
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Cpl I Cn1 Cp2/Cn2 S1/S2 
coil number coil number coil number 
1517 16 I 8 9,10,ll,12,13,14 I 1, 2, 3, 4, 5, 6 
16 I 8 9,10,ll,12,13,14,l5 I l,2,3,4,5,6,7 
16 I 8 1/9 10,11,12,13,14,15 I 2,3,4,5,6,7 
1/9 10,11,12,13,14,15,16 I 2,3,4,5,6,7 ,8 
1/9 2/ 10 11,12,13,14,15,16 I 3,4,5,6,7,8 
2 I 10 11,12,13,14,15,16,l I 3,4,5,6,1 ,8,9 
2 I 10 3 I 11 12,13,14,15,16,1I4,5,6,7,8,9 
3 I 11 12,13,14,15,16,l,2 I 4,5,6,7,8,9,10 
3 I 11 4 I 12 13,14,15,16,1,2 I 5,6,7,8,9,10 
4 I 12 13,14,15,16,1,2,3 I 5,6,7,8,9,10,11 
4 I 12 5I13 14,15,16,1,2,3 I 6,7,8,9,10,11 
5I13 14,15,16,1,2,3,4 I 6,7,8,9,10,l l,12 
5 I 13 6/14 15,16,1,2,3,4 I 7,8,9,10,11,12 
6/14 15,16,1,2,3,4,5 I 7,8,9,10,11,12,13 
6/14 7 I 15 16,1,2,3,4,5 I 8,9,10,11,12,13 
7 /15 16,1,2,3,4,5,6 I 8,9,10,ll,12,13,l4 
7 I 15 8 I 16 1,2,3,4,5,6 I 9,10,11,12,13,14 
8 I 16 1,2,3,4,5,6,7 I 9,10,ll,12,13,14,15 
8 I 16 9/1 2,3,4,5,6,7 I 10,11,12,13,14,l5 
9/1 2,3,4,5,6,7,8 I 10,11,12,13,14,l5,l6 
9/1 10/2 3,4,5,6,7,8 I ll,12,13,14,15,16 
10/2 3,4,5,6,7,8,9 I ll,12,13,14,15,16,1 
10/2 11I3 4,5,6,7,8,9 I 12,13,14,15,16,1 
11I3 4,5,6,7,8,9,10 I 12,13,14,15,16,1,2 
1113 12/ 4 5,6,7,8,9,10 I 13,14,15,16,1,2 
12/ 4 5,6,7,8,9,10,11I13,14,15,16,l,2,3 
12/ 4 13 I 5 6,7,8,9,10,11I14,15,16,1,2,3 
13 I 5 6,7 ,8,9,10,l l,12 I 14,15,16,1,2,3,4 
13 I 5 14 I 6 7,8,9,10,ll,12 I 15,16,1,2,3,4 
14/ 6 7,8,9,10,ll,12,13 I 15,16,1,2,3,4,5 
14/ 6 1517 8,9,10,11,12,13 I 16,1,2,3,4,5 
1517 8,9,10,ll,12,13,l4 I 16,1,2,3,4,5,6 
Table 6.1: The combination of armature coils used in the equivalent circuits 
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6.3.1 7-coil Equivalent Circuit of the Davey Machine 
133 
Figure 6.6 shows the 7-coil equivalent circuit of the Davey machine. In the armature 
circuit, coil S1 and S2 represent the two paths that are formed by 6 coils connected 
in series. Rs1 and Rs2 are the corresponding path resistance. Four coils are under 
commutation. Coils CP1 and CP2 are commutated by the positive brush while coils 
Cn1 and Cn2 are commutated by the negative brush. Rcpl, Rcp2, Rcnl, and Renz are 
the corresponding coil resistance. Each brush is modelled by three brush-segment 
contact resistors. They are Rpk and Rnk, where k=l, 2 and 3. These brush-segment 
contact resistors are rotor position varying. 
The field circuit is simply represented by a coil in series with a resistor and supplied 
by a pure DC voltage. 
1pl 1p2 !p3 ia 
Rpl Rp2 Rp3 
't 
Cp1 Rcp1 icpl icp2 Cp2 Rcp2 is2 
SI S2 et 
RL + uf 
Rsl Rsl Rt 
isl 
1cn2 Cn2 Rcn2 icnl Cnl Rcnl 
Rn3 Rn2 Rnl 
in3 in2 inl 
Figure 6.6: The 7-coil equivalent circuit of the Davey machine 
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Let ir, icpl, icpZ, icnl, icnZ, i 81 and i82 be the coil currents; and ipl, ip2 , 1P3 , in1, 
in2 and in3 be the brush currents. From figure 6.6, the coil voltage can be expressed 
in terms of the voltage drops of the brush resistors. For coil CP1, 
• 
U cpl = icpl · Rcpl +A cpl= ip2 · Rp2 - ipl · Rpl (6.13) 
The brush resistor currents can also be expressed in terms of the coil currents, 
(6.14) 
(6.15) 
Substitute equations (6.14) and (6.15) into (6.13) gives 
(6.16) 
The derivation of the voltage equations of the coils is shown in Appendix B. Only the 
result is given in this section. Seven differential equations can be obtained and 
• • • .r: Ri .dL Ldi h wntten m matnx 1orm as v = + 1-+ - , w ere 
dt dt 
(6.17) 
(6.18) 
R= 
Rr 0 0 0 0 0 0 
0 Rep! + Rpt + RP2 -Rp2 0 0 0 -Rp1 
0 -Rp2 Rcp2 + Rp2 + Rp3 -Rp3 0 0 0 
0 0 -Rp3 R,2 +Rp3 +Rn1 + RL -Rnt 0 -RL 
0 0 0 -Rn1 Ren! + Rnl + Rn2 -Rn2 0 
0 0 0 0 -Rn2 Rcn2 + Rn2 + Rn3 -Rn3 
0 -Rp1 0 -RL 0 -Rn3 R,1 + Rpt + Rn3 + RL 
(6.19) 
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Lff Mccp1 Mccp2 Muz Mf_cnl Mf_cn2 Mu1 
McpLf Lcpl mcpl_cp2 mcpl_s2 mcpl_cnl mcpl_cn2 mcpl_sl 
Mcp2_f mcp2_cpl Lcp2 mcp2_s2 mcp2_cnl mcp2_cn2 mcp2_sl 
L= Msz_f ms2_cpl ms2_cp2 Lsz ms2_cnl ms2_cn2 msz_sl (6.20) 
Mcnl_f mcnl_cpl mcnl_cp2 mcnl_s2 Lcnl mcnl_cn2 mcpl_sl 
Mcn2_f mcn2_cpl mcn2_cp2 mcn2_s2 mcn2_cnl Lcn2 mcn2_sl 
Ms1_r msl_cpl msl_cp2 msl_s2 msl_cnl msl_cn2 Ls1 
U f, Rr and Lff are the field voltage, resistance and self inductance respectively. All 
the subscripts, parameters and variables are referred to in figure 6.6. In equation 
(6.20), Lis the self inductance of coils.Mis the mutual inductance between the field 
and the coils and m is the mutual inductance between coils of the armature circuit. 
In order to solve the system equations, it is necessary to obtain the various coefficient 
matrices, R, L and dL . They are dependent on the rotor position and must be 
dt 
obtained for every iteration, and will be discussed in the following sections. 
6.3.1.1 Coil resistance of the 7-coil equivalent circuit 
Rcoil is defined as the coil resistance of each armature coil (16 armature coils in the 
Davey machine). Hence, in the resistance matrix, 
(6.21) 
(6.22) 
6.3.1.2 Brush-segment contact resistance of the 7-coil equivalent circuit 
During commutation, it is assumed that current is distributed uniformly over the 
brush surface to give a constant current density. The brush-segment of the coils 
undergoing commutation is inversely proportional to the interface surface areas 
between segments and brush. 
Let Rbp be the brush resistance for the whole positive brush surface and assume that 
is ohmic. At a given instant, the brush-segment contact area of segment 'a' is Aa and 
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is proportional to Ga . The brush-segment contact area of segment 'c' is Ac and is 
proportional to Ge . Both Ga and Ge are rotor position dependent. The brush-
segment contact area of segment b is Ah and is proportional to G b • G b is constant 
and equal to the segment width We . Then at a given instant, the contact areas 
Ga+ Gb +Ge= brushwidth = Wb (6.23) 
Rotor direction 
a b c 
Rp1 Rp2 Rp3 
I I I I I I I I I I I I I I I 
I I I I I I I I 
I I I I 
--.l :-. .... :.---I I I I I I I I I I 
I I I I 
Figure 6.7: Brush-segment contact resistance of 7-coil equivalent circuit 
The corresponding contact resistances are 
(6.24) 
(6.25) 
(6.26) 
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The brush currents are inversely proportional to the resistance, ie directly 
proportional to Ga ,  G b and G c. As the change of Ga and G c is linear with time, 
so also are the currents, giving "straight-line" commutation or "resistance" 
commutation, shown in figure 6.7. 
Figure 6.8 shows the value of RP1, RP2 and RP3 of the 7-coil equivalent circuit 
varying with the rotor position, assuming that R bp = 0.22.Q , the resistance between 
the positive brush and segments a and c varies with rotor position B rm . At this 
region, RP1 and RP3 cross over; ie RP1 decreases from infinite to 4Rbp and RP3 
increases from 4Rbp to infinite; while RP2 is kept constant. The same assumption is 
made for the commutation process by the negative brush. 
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Figure 6.8: The brush-segment contact resistance for the 7-coil equivalent circuit 
6.3.1.3 Self inductance of the coils in the 7-coil equivalent circuit 
For the Davey machine, let Lk, be the self inductance of k1h armature coil; Mck be 
the field-armature mutual inductance of k th armature coil; and m J_k be the mutual 
inductance between j th and k th armature coils, where jt:k. 
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where j and k are integers for 1 to 16. 
138 
(6.27) 
The coils used in the equivalent circuit are dependent on rotor position, shown in 
table 6.1. Hence, the inductance of the equivalent circuit also varies with rotor 
positions. For example, when 0 < 0 rm ~ 7 .5°, 
Coil CP1 = Coil 15, Coil CP2 =Coil 16, Coil Cn1 =Coil 7, 
Coil Cn2 =Coil 8, Coil SI= Coil 9; 10, 11, 12, 13, and 14 in series, and 
Coil S2 =Coil 1; 2, 3, 4, 5, and 6 in series. 
The inductance matrix of the 7-coil equivalent circuit can be expressed in terms of 
Lk, Mr_k and mLk as 
ID9_10 + ID9_11 + ID9_12 + ID9_13 + ID9_14 + 
m10_11 + m10_12 + m10_13 + m10_14 + 
2 m11_12 + m11_13 + m11_14 + 
m12_13 + m12_14 + 
ID13_14 
m1_2 + m1_3 + m1_4 + m1_s + m1_6 + 
m2_3 +m2_4 +m2_s +m2_6 + 
2 ID3_4 + ID3_5 + ID3_6 + 
ID4_5 +m4_6 + 
ms_6 
, and 
Chapter6. Numerical Modelling of DC Motors with 
Open-circuit and shorl-circuit Armature Coils 139 
6.3.1.4 Mutual inductance between the field coil and the other coils in the 7 nCOil 
equivalent circuit 
Mr_cpt = Mcpl_f = Mus' 
Mccp2 = Mcp2_f = Mu6' 
Mccnt = Mcnt_f = Mr_1 ; Mr_cn2 = Mcn2_f =Mes' and 
6.3.1.5 Mutual inductance between the coils of the 7-coil equivalent circuit 
mcpl_cp2 = mcp2_cpl = ill15_16' 
illcpl_s2 = ills2_cpl = ill1_1S + illz_IS + ill3_1S + ID4_15 + ID5_15 + m6_15' 
illcpl_cnl = illcnl_cpl = ID7_1S' 
mcpl_cn2 = mcn2_cpl = m8_15' 
illcpl_sl = illsl_cpl = ill9_1S + ID10_15 + ID11_1S + ID12_1S + ill13_1S + ill14_1S' 
mcp2_cnl = mcnl_cp2 = ID7_16' 
mcp2_cn2 = mcn2_cp2 = m8_16' 
mcp2_s2 = ills2_cp2 = m1_16 + ID2_16 + ID3_16 + ID4_16 + ID5_16 + m6_16' 
illcp2_sl = msl_cp2 = ID9_16 + ill10_16 + m11_16 + ID12_l6 + ID13_16 + ill14_16' 
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ms2_cn2 = mcn2_s2 = mi_g + m2_8 + m3_8 + m4_8 + m5_8 + m6_8' 
ms2_sl = msl_s2 = 
mu+mu+mu+mu+mu+mu+ 
ml_lO + m2_10 + m3_10 + m4_10 + ms_lO + m6_10 + 
ml_ll + m2_11 + m3_11 + m4_11 + m5_11 + m6_11 + 
m1_12 + m2_12 + m3_12 + m4_12 + m5_12 + m6_12 + 
mi_13 + m2_13 + m3_13 + m4_13 + m5_13 + m6_13 + 
m1_14 + m2_14 + m3_14 + m4_14 + m5_14 + m6_14 
mcnl_cn2 = mcn2_cnl = m7_8' 
mcnl_sl = msl_cnl = m7_9 + m7_10 + m7_11 + m7_12 + m7_13 + m7_14' and 
mcn2_sl = msl_cn2 = mg_9 + m8_10 + m8_11 + m8_12 + m8_13 + m8_14 
6.3.2 5-coil Equivalent Circuit of the Davey Machine 
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Figure 6.9 shows the 5-coil equivalent circuit of the Davey machine. Each of the 
parallel paths is formed by 7 coils connected in series. In the equivalent circuit, only 
coil CP1 and Cn1 are commutated by the brushes. RP1, RP2; Rn1, and Rn2 are used 
to model the brushes. 
The derivation of the voltage equations of the 5-coil circuit is shown in Appendix B. 
There are five differential equations for this model and, written in matrix form as 
equation (6.9), where the voltage matrix is 
(6.28) 
The current matrix is 
(6.29) 
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0 0 
-Rp2 0 
Rs2 +Rp2 +Rn1 +RL -Rn1 
-Rn1 Rcn1 + Rn1 + Rn2 
141 
0 
-Rp1 
-RL 
-Rn2 
-RL -Rn2 Rs1 +Rp1 +Rn2 +RL 
(6.30) 
Lff Mr_cp1 Mr_s2 Mf_cnl Mesi 
Mcpu Lcp1 mcpl_s2 mcpl_cnl mcpl_sl 
L= Ms2_r ms2_cpl Ls2 ms2_cnl ms2_sl (6.31) 
Mcn1_r mcnl_cpl mcnl_s2 Len! mcnl_sl 
Msu msl_cpl msl_s2 msl_cnl Ls1 
6.3.2.1 Coil resistance of the 5-coil equivalent circuit 
ipl ip2 ia 
Rpl Rp2 
icpl 
Cp1 Rcp1 is2 
Sl S2 
RL 
Rsl Rsl 
isl 
icnl 
Cnl Rcnl 
Rn2 Rnl 
in2 inl 
Figure 6.9: The 5-coil equivalent circuit of the Davey machine 
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The coil resistance of the 5-coil equivalent circuit is, 
6.3.2.2 Brush-segment resistance of the 5-coil equivalent circuit 
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(6.32) 
(6.33) 
Figure 6.10 shows the equivalent circuit of the positive brush of the 5-coil equivalent 
circuit. At a given instant, 
The corresponding contact resistance is 
a 
I 
I 
I 
I 
I 
I 
Rotor direction 
b 
:,.. ~ ... 
Gb Ge 
c 
Figure 6.10: Brush-segment resistance of 5-coil equivalent circuit 
(6.34) 
(6.35) 
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Figure 6.11: The brush-segment contact resistance for the 5-coil equivalent circuit 
(6.36) 
Figure 6.11 shows the values of RP1 and RP2 of the 5-coil equivalent circuit. They 
vary with the rotor position. The same assumption is made for the commutation 
process of the negative brush-segment. 
6.3.2.3 Self inductance of the coils in 5-coil equivalent circuit 
The coils used in the 5-coil equivalent circuit at diferent rotor position are 
summarised in table 6.1. For example, when 7 .5° < (} rm ::; 22.5° , 
Coil CP1 =Coil 16, Coil Cn1 =Coil 8, 
Coil Sl =Coil 9; 10, 11, 12,  13, 14 and 15 in series, and 
Coil S2 =Coil 1; 2, 3, 4, 5, 6 and 7 in series. 
The inductance matrix of the 5-coil equivalent circuit can be expressed in terms of 
Lk, Mr_k and mLk as 
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Ls1 = Lg + L10 + Lll + Li2 + Li3 + Li4 + Lis 
2 
ID9_10 + ID9_11 + ID9_12 + ID9_13 + ffi9_14 + ffi9_15 
m10_11 + m10_12 + m10_13 + m10_14 + m10_1s 
m11_12 + m11_13 + m11_14 + m11_1s 
m12_13 + m12_14 + m12_1s 
ID13_14 + ffi13_1S 
ID14_1s 
m1_2 + m1_3 + m1_4 + m1_s + m1_6 + m1_1 
m2_3 + m2_4 + m2_s + m2_6 + m2_1 
m3_4 + m3_s + m3_6 + m3_7 
ID4_5 + ffi4_6 + ID4_7 
ms_6 +ms_1 + 
m6_7 
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6.3.2.4 Mutual inductance between the field coil and the other coils of the 5-coil 
equivalent circuit 
6.3.2.5 Mutual inductance between the coils of the 5-coil equivalent circuit 
mcpl_s2 = ms2_cpl = ID1_16 + m2_16 + ID3_16 + ID4_16 + ID5_16 + m6_16 + ffi7_16' 
mcpl_cnl = mcnl_cpl = m8_16 ' 
mcpl_sl = msl_cpl = ffi9_16 + ID10_16 + ID11_16 + m12_16 + ffi13_16 + m14_16 + ID15_16' 
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mu+mu+mu+mu+mu+mu+mu+ 
m1_10 + m2_10 + m3_10 + m4_10 + ms_IO + m6_10 + m7_10 + 
ml_ll + m2_11 + m3_11 + m4_11 + m5_11 + m6_11 + m7_11 + 
ms2_sl = msl_s2 = m1_12 + m2_12 + m3_12 + m4_12 + m5_12 + m6_12 + m7_12 + • 
m1_13 + m2_13 + m3_13 + m4_13 + m5_13 + m6_13 + m7_13 + 
m1_14 + m2_14 + m3_14 + m4_14 + ms_I4 + m6_14 + m7_14 + 
m1_15 + m2_15 + m3_15 + m4_15 + m5_15 + m6_15 + m7_15 
mcnl_sl = msl_cnl = m8_9 + m8_10 + m8_11 + m8_12 + m8_13 + m8_14 + m8_15 
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6.4 Coupled Coil Model of the Davey Machine with short-circuit 
coil in Armature 
A short-circuit coil is modelled by putting a short between two adjacent commutator 
segments, ie segment 1 and 2, as shown in figure 6.12. From figure 6.12A, the 
relative position of the positive brush and commutators for the instant at which 
commutation is carrying for coil 15 and just beginning for coil 16. Coil 1 is shorted 
and Coil 16 is started to commutate. The positive brush contacts segments 15 and 16. 
Two resistors may be used to model the positive brush, Rp1 and Rp2. The 
corresponding equivalent resistors for the negative brush are Rn1 and Rn2, which are 
not shown in the figures (Coil 7 is under commutation by the negative brush while 
Coil 8 is just stared). As the short-circuit coil (Coil 1) is modelled separately, at this 
instant, one of the parallel path is formed by 6 coils and the other path is formed by 7 
coils. The Davey machine is thus modelled by six concentrated coils: the field coil, 
two parallel paths of armature coils, two coils under commutation, and the short-
circuit coil. 
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Coil 14 Coil 15 Coil 16 Coil 1 Coil 2 Coil 3 Coil 4 
Rp1 Rp2 
(A) Rotor position at zero degrees 
Coil 14 Coil 15 Coil 16 Coil 1 Cml 2 Cml 3 Coil 4 
Rp1 Rp2 Rp3 
(B) Rotor position at 0 - 7 .5 degrees 
Cml 14 Coil 15 Coil 16 Coil 1 Coil 2 Coil 3 Coil 4 
Rp1 Rp2 
(C) Rotor position at 7.5 - 22.5 degrees 
Coil 14 Coil 15 Co1l l6 C01l l Coil 2 Coil 3 Cml 4 
Rp1 Rp2 
(D) Rotor position at 22.5 - 30 degrees 
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5 
Figure 6.12: The armature circuit of the Davey machine at different rotor positions 
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When rotor position is between zero and 7.5 degrees, shown in figure 6.12B, the 
positive brush is on segments 15, 16 and 1. Coils 15 and 16 are under commutation 
by the positive brush (Coil 7 and 8 are under commutation by the negative brush). 
Three resistors model each brush, Rp1. Rp2, and Rp3 for the positive brush; and Rn1, 
Rn2. and Rn3 for the negative brush. At this instant, the short-circuit coil is still in one 
of the parallel path and eight concentrated coils model the Davey machine. 
For rotor between 7 .5 and 22.5 degrees, the condition is similar as the rotor at zero 
degree. Six concentrated coils model the machine, shown in figure 6.12C. 
When the rotor position is 22.5 degrees, shown in figure 6.12D, the short-coil coil is 
started to commutate. As segments 1 and 2 are shorted, two resistors model the 
positive brush while three resistors are needed for the negative brush. Each parallel 
path will have 6 coils in series, and seven concentrated coils are used in the model. 
Figure 6.13A shows the rotor position between 30 and 45 degrees. The positive brush 
contacts segments 1 and 2, which are shorted together. Only one resistor is used to 
model the positive brush and is assumed to be constant for this period. It still needs 
two resistors to model the negative brush. Two coils are under commutation 
including the short-circuit coil. Five concentrated coils model the machine. 
Figure 6.13B to D show the successive intervals for the rotor positions that are 
similar to those at 22.5 to 30 degrees, 7 .5 to 22.5 degrees and 0 to 7 .5 degrees 
intervals. Seven, six, and eight concentrated coils respectively model the machine. 
The operation of the Davey machine was simulated with 16 intervals of rotor position 
in a revolution. Two different equivalent circuits are used in each interval. The 
combination of coils used in different equivalent circuit in different rotor positions is 
summarised in table 6.2. The equivalent circuits are discussed in detail in the 
following sections. 
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C01l 14 Coil 15 Coil 16 Coil 1 Coil 2 Coil 3 C01l 4 
Rp1 
(A) Rotor position at 30 - 45 degrees 
Coil 14 Coil 15 Coil 16 Coil 1 Coil 2 Coil 3 Coil 4 
Rp1 Rp2 
(B) Rotor position at 45 - 52.5 degrees 
Coil 14 Coil 15 Coil 16 Coil 1 C01l 2 Coil 3 Coil 4 
Rp1 Rp2 
(C) Rotor position at 52.5 - 67.5 degrees 
Coil 14 Coil 15 Coil 16 Coil 1 C01l 2 Coil 3 Coil 4 
Rp1 Rp2 Rp3 
(D) Rotor position at 67.5 - 75 degrees 
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Figure 6.13: The armature circuit of the Davey machine at different rotor positions 
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Rotor position{) rm 
r ~  
75 > Brm;:: 22.5 
225> Brm;:: 30 
30>Brm;::45 
45> Brm ;::525 
525> Brm;:: 675 
675>Brm ;::75 
75>Brm ;::90 
90> Brm;:: 975 
975> Brm;:: 1125 
1125>Brm;::120 
120>Brm;::135 
135 > Brm ;:: 1425 
1425>Brm;::157 5 
1575> Brm;:: 165 
165 > Brm;:: 180 
180> Brm;:: 1875 
1875 > Brm;:: 2025 
2025 > Brm;:: 210 
210 > Brm;:: 225 
225 > Brm;:: 2325 
2325 > Brm;:: 247 5 
2475>Brm;::255 
255 > Brm;:: 270 
270 > Brm ;:: 277 5 
277 5 > Brm ;:: 2925 
2925 > Brm;:: 300 
300> Brm;:: 315 
315 > Brm;:: 3225 
3225 > Brm ;:: 337 5 
3375> Brm;:: 345 
345 > Brm ;:: 360 
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Cpl /Cn1 Cp2 /Cn2 S1/S2 
1517 16 I 8 9,10,l,12,13,14 /2, 3, 4, 5, 6 
16 I 8 9,10,l,12,13,14,15 /2,3,4,5,6,7 
16 I 8 1/9 10,l,12,13,14,15 I 2,3,4,5,6,7 
1/9 10,l l,12,13,14,15,l6 I 2,3,4,5,6,7,8 
1/9 2110 l l,12,13,14,15,16 I 3,4,5,6,7,8 
2/ 10 11,12,13,14,15,16/ 3,4,5,6,7,8,9 
2/ 10 3I11 12,13,14,15,16/ 4,5,6,7,8,9 
3 I 11 12,13,14,15,16,2 I 4,5,6,7,8,9,10 
3 I 11 4/12 13,14,15,16,2 I 5,6,7,8,9,10 
4/12 13,14,15,16,2,3 I 5,6,7,8,9,10,l 
4/12 5I13 14,15,16,2,3 I 6,7,8,9,10,11 
5 /13 14,15,16,2,3,4 I 6,7,8,9,10,l l,l2 
5 I 13 6/14 15,16,2,3,4 I 7,8,9,10,11,12 
6/14 15,16,2,3,4,5 I 7,8,9,10,l l,12,13 
6/14 7 I 15 16,2,3,4,5 I 8,9,10,11,12,13 
7115 16,2,3,4,5,6 I 8,9,10,11,12,13,14 
7115 8/16 2,3,4,5,6 I 9,10,l l,12,13,14 
8 I 16 2,3,4,5,6,7 I 9,10,11,12,13,l4,l5 
8/16 9/1 2,3,4,5,6,7 I 10,l,12,13,14,15 
9/1 2,3,4,5,6,7,8 I 10,l l,12,13,14,15,16 
9/1 10/2 3,4,5,6,7,8 I 11,12,13,14,15,16 
10/2 3,4,5,6,7,8,9 I 11,12,13,14,15,l6 
10/2 11I3 4,5,6,7,8,9 I 12,13,14,15,16,1 
11I3 4,5,6,7,8,9,10 I 12,13,14,15,16,2 
11I3 12/ 4 5,6,7,8,9,10 I 13,14,15,16,2 
12 I 4 5,6,7,8,9,10,11I13,14,15,16,2,3 
12 I 4 13 I 5 6,7,8,9,10,11I14,15,16,2,3 
13 I 5 6,7,8,9,10,l,12 I 14,15,16,2,3,4 
13 I 5 14/ 6 7,8,9,10,11,12 I 15,16,2,3,4 
14/ 6 7,8,9,10,l,12,13 I 15,16,2,3,4,5 
14/ 6 15 /7 8,9,10,11,12,13 I 16,2,3,4,5 
1517 8,9,10,l,12,13,14 I 16,2,3,4,5,6 
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No.of 
equivalent 
coils 
8 
6 
7 
5 
7 
6 
8 
6 
8 
6 
8 
6 
8 
6 
8 
6 
8 
6 
7 
5 
7 
6 
8 
6 
8 
6 
8 
6 
8 
6 
8 
6 
Table 6.2: The combination of armature coils used in the equivalent circuits to model 
short-circuit in armature winding 
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6.4.1 8-coil Equivalent Circuit of the Davey Machine with a Short-circuit 
Coil in Armature 
When four coils are under commutation and the short-circuit coil is in one of the 
parallel paths, an 8-coil equivalent circuit models the Davey machine. For example, 
when rotor position is between zero and 7.5 degrees, the short-circuit coil Csc (Coil 1) 
is in the S2 parallel path, shown in figure 6.14. 
ipl ip2 lp3 
ia 
Rpl Rp2 Rp3 
Ir 
Cp1 Rcp1 icpl 1Cp2 Cp2 Rcp2 is2 
Sl S2 Cr 
RL + Ur 
Rsl Rs2 Rr 
Csc=Coil 1 
isl isc = il 
Rsc = rl 
icn2 Cn2 Rcn2 icnl Cnl Rcnl 
Rn3 Rn2 Rn 
m3 m2 ml 
Figure 6.14: The 8-coil equivalent circuit of the Davey machine to model short-circuit 
armature coil 
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There are eight differential equations for this circuit, written m matrix form as 
equation (6.9), where the voltage matrix is 
v = [ur o o o o o o oY (6.37) 
The current matrix is 
(6.38) 
The resistor matrix R is 
Rr 0 0 0 0 0 0 0 
0 Rep!+ Rp1 +Rn -Rp2 0 0 0 -RP1 0 
0 -Rp2 Rcp2 + Rp2 + Rp3 -Rp3 0 0 0 0 
0 0 -Rp3 Rs2 + RL + Rp3 + Rn1 -Rn1 0 -RL 0 
0 0 0 -Rn1 Ren! + Rn! + Rn2 -Rn2 0 0 
0 0 0 0 -Rn2 Ren2 + Rn2 + Rn3 -Rn3 0 
0 -Rp1 0 -RL 0 -Rn3 Rs1 + RL + Rn3 + Rpl 0 
0 0 0 0 0 0 0 r1 
(6.39) 
The inductance matrix L is 
Lff Mf_epl Mf_ep2 Mf_s2 Mf_enl Mf_en2 Mf_sI Meese 
Mepl_f Lepl mepl_ep2 mepl_s2 mepl_enl mepl_en2 mepl_sl mepl_ese 
Mep2_f mep2_epl Lep2 mep2_s2 mep2_enl mep2_en2 mep2_sl mep2_ese 
Ms2 - f ms2_epl ms2_ep2 Ls2 ms2_enl ms2_en2 ms2_sl ms2_ese 
Menl - f menl_epl menl_ep2 menl_s2 Len I menl_en2 menl_sl menl_ese 
Men2 - f men2_epl men2_ep2 men2_s2 men2_enl Len2 men2_sl men2_ese 
Ms I - f ms2_epl ms2_ep2 msl_s2 ms2_enl msl_en2 Ls1 ms1_ese 
Mese - f mese_epl mese_ep2 mese_s2 mese_enl mese_en2 mese_sl Lese 
(6.40) 
6.4.1.1 Coil Resistance of the 8-coil Equivalent Circuit 
The coil resistances of the 8-coil equivalent circuit are, 
(6.41) 
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Rs2 = 5Rcoil 
Rsc = Ri = Rcoil 
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(6.42) 
(6.43) 
(6.44) 
6.4.1.2 Brush-segment contact resistance of the 8-coil Equivalent Circuit 
The contact resistances of the positive and negative brush-segment are the same as 
those discussed in section 6.3.1.2, refer to equations (6.24), (6.24) and (6.24) and 
figure 6.7. 
6.4.1.3 Self inductance of the 8-coil Equivalent Circuit 
The coils used in the 8-coil equivalent circuit at different rotor position are 
summarised in table 6.2. To illustrate the inductance matrix of the 8-coil equivalent 
circuit, consider the instant when the rotor position is between zero and 7 .5 degrees. 
Coil Cp1 = Coil 15, Coil Cp2 =Coil 16, Coil Cn1 = Coil 7, 
Coil Cn2 =Coil 8, Coil S1 =Coil 9, 10, 11, 12, 13, and 14 in series, and 
Coil S2 =Coil 2, 3, 4, 5, and 6 in series, and Coil Csc =Coil 1. 
The self inductance of the coils is 
Lcpl = L15, Lcp2 = L16, Lcnl = L7, 
Ls1 =L9 +L10 +Lu +L12 +L13 +L14 + 
m9_10 +m9_11 +m9_12 +m9_13 +m9_14 + 
m10_11 + m10_12 + m10_13 + m10_14 + 
mu_12 + m11_13 + mu_14 + 
m12_13 + m12_14 + 
m13_14 
Lcn2 = L8, 
, and 
Lsc = Ll, 
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m2_3 + m2_ 4 + m2_5 + m2_6 + 
m3_4 +m3_5 +m3_6 + 
m4_5 +m4_6 + 
ms_6 
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6.4.1.4 Mutual inductance between the field coil and the other coils in the 8-coil 
equivalent circuit 
Mr_cpl = Mcpl_f = Mr_1s, Mr_cp2 = Mcp2_f = Mr_16, 
Mcs2 = Ms2_f = Mc2 + Mc3 +Mc 4 +Mes + Mc6, 
Mf_cnl = Mcnl_f = Mr_7 ; Mr_cn2 = Mcn2_f = Mr_s • 
Meese = Mc1 
6.4.1.5 Mutual inductance between the coils of the 8-coil equivalent circuit 
mcpl_cp2 = mcp2_cpl = ID15_16 • mcpl_cnl = mcnl_cpl = ID7_15 • 
mcpl_cn2 = mcn2_cpl = m8_15 ' mcp2_cnl = mcnl_cp2 = ID7_16 • 
mcpl_s2 = ms2_cpl = m2_15 + m3_15 + m4_15 + m5_15 + m6_15' 
mcpl_sl = msl_cpl = ID9_15 + m10_15 + m11_15 + ID12_15 + ID13_15 + m14_15 • 
mcp2_cn2 = mcn2_cp2 = m8_16' mcnl_cn2 = mcn2_cnl = m7_8' 
mcp2_s2 = ms2_cp2 = m2_16 + m3_16 + m4_16 + m5_16 + m6_16' 
mcp2_sl = msl_cp2 = ID9_16 + ml0_16 + mll_l6 + ID12_16 + ID13_16 + ID14_16' 
ms2_cnl = IDcnl_s2 = m2_7 + m3_7 + m4_7 + m5_7 + m6_7, 
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ms2_cn2 = mcn2_s2 = m2_8 + m3_8 + m4_8 + ms_s + m6_8' 
ms2_sl = msl_s2 = 
m2_9 + m3_9 + m4_9 + ms_9 + m6_9 + 
m2_10 + m3_10 + m4_10 + ms_10 + m6_10 + 
m2_11 +m3_11 +m4_11 +m5_11 +m6_11 + 
m2_12 + m3_12 + m4_12 + ms_12 + m6_12 + 
m2_13 + m3_13 + m4_13 + ms_13 + m6_13 + 
m2_14 + m3_14 + m4_14 + ms_14 + m6_14 
mcn2_s1 = msl_cn2 = ms_9 + ms_10 + ms_11 + ms_12 + ms_13 + ms_14' 
mcpl_Csc = mcsc_cpl = ml_lS' mcp2_Csc = mcsc_cp2 = m1_16' 
mcnl_Csc = mcsc_cpl = m1_8' mcn2_Csc = mcsc_cn2 = m1_7' 
mcsc_sl =msl_Csc =m1_9 +m1_10 +m1_11 +m1_12 +m1_13 +m1_14, and 
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6.4.2 6-coil Equivalent Circuit of the Davey Machine with a Short-circuit 
Coil in Armature 
When two coils are under commutation and the short-circuit coil is in one of the 
parallel paths, a 6-coil equivalent circuit models the Davey machine. For example, 
when rotor position is between 7.5 and 22.5 degrees, the short-circuit coil (Coil 1) is 
in the S2 parallel path, shown in figure 6.15. 
Chapter6. 
ipl 
Rpl 
icpl Cp1 
Sl 
Rsl 
isl 
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ip2 
ia 
Rp2 
Rcp1 is2 
S2 
RL 
Rs2 
Csc=Coil 1 
isc = i1 
Rsc = rl 
icnl Cnl Rcnl 
Rn2 Rnl 
in2 inl 
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if 
Cr 
Ur 
Rr 
Figure 6.15: The 6-coil equivalent circuit of the Davey machine to model short-circuit 
armature coil 
There are six differential equations for this circuit, written in matrix form as equation 
(6.9), where the voltage matrix is 
V = (U f 0 0 0 0 0 ]T (6.45) 
The current matrix is 
i = [ir (6.46) 
The resistor matrix R is 
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Rf 0 0 0 0 0 
0 Rep! +Rp1 +Rpz -Rp2 0 -Rp1 0 
0 -Rp2 Rsz +RL +Rp2 +Rn1 -Rn1 -RL 0 
0 0 -Rn1 Rcnl +Rnl +Rnz -Rnz 0 
0 -Rp1 -RL -Rnz Rs1 +RL +Rnz +Rp1 0 
0 0 0 0 0 r1 
(6.47) 
The inductance matrix L is 
Lff M f_cp I M f_ s2 M f_ en I M f_ sl Mr_ Csc 
M f_cp I L cpl m cpl_s2 m cpl_cnl m cpl_sl m cpl_Csc 
M f_ s2 m cpl_s2 L s2 m s2_cnl m s2_sl m s2_Csc 
M f_ en I m cpl_cnl m s2_cnl L cnl m cnl_sl m cnl_Csc 
M f_ sl m cpl_sl m s2_sl m cnl_sl L sl m sl_Csc 
M f_ Csc m cpl_Csc m s2_Csc m cnl_Csc m sl_Csc L Csc 
(6.48) 
6.4.2.1 Coil Resistance of the 6-coil Equivalent Circuit 
The coil resistances of the 6-coil equivalent circuit are, 
(6.49) 
(6.50) 
(6.51) 
Rsc = Ri = Rcoil (6.52) 
6.4.2.2 Brush-segment contact resistance of the 6-coil Equivalent Circuit 
The contact resistances of the positive and negative brush-segment are the same as 
those discussed in section 6.3.2.2, refer to equations (6.35) and (6.36) and figure 
6.10. 
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The coil combinations used in the 6-coil equivalent circuit for different rotor position 
are summarised in table 6.2. To illustrate the inductance matrix, consider the instant 
when the rotor position is between 7 .5 and 22.5 degrees. 
Coil Cp1 =Coil 16, Coil Cn1 = Coil 8, Coil Csc = Coil 1, 
Coil S1 =Coil 9, 10, 11, 12, 13, 14 and 15 in series, and 
Coil S2 = Coil 2, 3, 4, 5, 6 and 7 in series. 
The self inductance of the coils is 
Lcpl = L16, Lcnl = L8, Lsc = Ll, 
Ls1 = L9 +Lio + Ln + L12 + L13 + Li4 +Lis 
m9_10 +m9_11 +m9_12 +m9_13 +m9_14 +m9_1s 
m10_11 + m10_12 + m10_13 + m10_14 + m10_1s 
mn_12 + mll_l3 + m11_14 + mn_1s 
mi2_13 + m12_14 + m12_1S 
m13_14 + m13_1S 
mi4_1s 
Ls2 =L2 +L3 +L4 +Ls +L6 +L7 
m2_3 + m2_ 4 + m2_s + m2_6 + m2_7 
m3_4 +m3_s +m3_6 +m3_7 
m4_S + m4_6 + m4_7 
ms_6 +ms_7 
m6_7 
, and 
6.4.2.4 Mutual inductance between the field coil and the other coils in the 6-coil 
equivalent circuit 
Mf_cpl = Mcpl_f =Meis, Mf_cnl = Mcnl_f = Mr_7' 
Mr_s2 = Ms2_f = Mr_2 + Mr_3 +Mr_ 4 + Mr_s + Mr_6Mr_7 , 
Chapter6. Numerical Modeling of DC Motors with 
Open-circuit and short-circuit Armature Coils 
Mr_sl = Msl_f = Mr_9 + Mr_10 + Mr_11 + Mr_12 + Mr_13 + Mr_14Mr_15, and 
Mr_csc = Mr_1 
6.4.2.5 Mutual inductance between the coils of the 6-coil equivalent circuit 
fficpl_s2 = ms2_cpl = m2_16 + m3_16 + m4_16 + m5_16 + m6_16 + m7_16' 
fficpl_cnl = fficnl_cpl = ms_16' 
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mcpl_sl =ffis1_cpl ~ 1  +m10_16 +m11_16+m12_16 +m13_16 +m14_16 +m1s_l6• 
ms2_cnl = IDcnl_s2 = m2_8 + m3_g + m4_g + m5_g + m6_8 + m7_g' 
IDcnl_sl = msl_cnl = mg_9 + mg_10 + ms_l 1 + mg_12 + mg_13 + mg_14 + ms_15 ' 
fficpl_Csc = mcsc_cpl = m1_16' fficnl_Csc = mcsc_cpl = m1_8' 
m2_9 +m3_9 +m4_9 +m5_9 +m6_9 +m7_9 + 
m2_10 + m3_10 + m4_10 + m5_10 + m6_10 + m7_10 + 
m2_11 + m3_11 + m4_11 + m5_11 + m6_11 + m7_11 + 
ms2_sl = msl_s2 - m2_12 + m3_12 + m4_12 + m5_12 + m6_12 + m7_12 + 
m2_13 +m3_13 +m4_13 +m5_13 +m6_13 +m7_13 + 
m2_14 + m3_14 + m4_14 + m5_14 + m6_14 + m7_14 + 
m2_1s + m3_15 + m4_15 + m5_1s + m6_15 + m7_1s 
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6.4.3 7-coil Equivalent Circuit of the Davey Machine with a Short-circuit 
Coil in Armature 
When four coils are under commutation, including the short-circuit coil, each parallel 
path is formed of 6 coils in series. A 7-coil equivalent circuit models the Davey 
machine. For example, when rotor position is between 22.5 and 30 degrees, the short-
circuit coil (Coil 1) has started to commutate, as shown in figure 6.16. 
There are seven differential equations for this circuit, written in matrix form as 
equation (6.9), where the voltage matrix is 
v = [uf o o o o o o]T (6.53) 
The current matrix is 
(6.54) 
ipl ip2 
ia 
Rpl Rp2 
isc = il 
Cp1 Rcp1 icpl Csc= Coll 1 Rsc = r1 is2 
Sl S2 
RL 
Rsl Rs2 
isl 
icn2 Cn2 Rcn2 icnl Cnl Rcnl 
Rn3 Rn2 Rnl 
in3 in2 ml 
Figure 6.16: The 7-coil equivalent circuit of the Davey machine to model short-circuit 
armature coil 
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The resistor matrix R is 
Rr 0 0 0 0 0 0 
0 Rep!+ RP1 + RP2 0 -Rp2 0 0 -Rp1 
0 0 r1 0 0 0 0 
0 -Rp2 0 R,2 + RL + Rp2 + Rnt -Rn1 0 -RL 
0 0 0 -Rn! Rcn1 + Rn1 + Rn2 -Rn2 0 
0 0 0 0 -Rn2 Rcn2 + Rn2 + Rn3 -Rn3 
0 -Rpt 0 -RL 
The inductance matrix L is 
Lff 
Mcpl_f 
Mcsc_f 
Ms2_f 
Mcnl_f 
Mcn2_f 
Msl_f 
Mcpl_f 
Lcpl 
mcsc_cpl 
mcpl_s2 
mcpl_cnl 
mcpl_cn2 
mcpl_sl 
Mcsc_f 
mcsc_cpl 
Lese 
mcsc_s2 
mcsc_cnl 
mcsc_cn2 
mcsc_sl 
0 
Ms2_f 
mcpl_s2 
mcsc_s2 
Ls2 
ms2_cnl 
mcn2_s2 
msl_s2 
-Rn3 
Mcnl_f 
mcpl_cnl 
mcsc_cnl 
ms2_cnl 
Lcnl 
mcnl_cn2 
mcn2_sl 
6.4.3.1 Coil Resistance of the 7 -coil Equivalent Circuit 
The coil resistances of the 7-coil equivalent circuit are, 
R,1 + RL + Rn3 + Rp1 
(6.55) 
Mcn2_f Msl_f 
mcpl_cn2 mcpl_sl 
mcsc_cn2 mcsc_sl 
mcn2_s2 msl_s2 
mcnl_cn2 mcn2_sl 
Lcn2 msl_cn2 
msl_cn2 Lsl 
(6.56) 
(6.57) 
(6.58) 
(6.59) 
(6.60) 
6.4.3.2 Brush-segment contact resistance of the 7-coil Equivalent Circuit 
The contact resistances of the negative brush-segment are the same as those 
discussed in section 6.3.1.2. However, for the positive brush-segment, although the 
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positive brush partialy contacts segment 16, 1 and 2, segments 1 and 2 are shorted 
together, shown in figure 6.17. Only Rp1 and Rp2 are used to model the positive 
brush-segment contact resistance. They vary with the rotor position and can be 
expressed as 
Rotor direction 
16 1 2 
Rp1 Rp2 
I I I I I I I I I I I I I I I I I I I I I --.i ~ . ! I I I I I I I I I I 
Ga Gb 
brush width= wb 
Figure 6.17: The positive brush-segment contact resistance of the 7-coil equivalent 
circuit with a short-circuit armature coil. 
6.4.3.3 Self inductance of the 7-coil Equivalent Circuit 
The coil combinations in the 7-coil equivalent circuit for different rotor position are 
summarised in table 6.2. To ilustrate the inductance matrix, consider the instant 
when the rotor position is between 22.5 and 30 degrees. 
Coil Cp1 =Coil 16, Coil Cp2 =Coil 1 = Csc, Coil Cn1 =Coil 8, 
Chapter6. Numerical Modelling of DC Motors with 
Open-circuit and short-circuit Armature Coils 
Coil Cn2 = Coil 9, Coil S1 =Coil 10, 11, 12, 13, 14 and 15 in series, and 
Coil S2 = Coil 2, 3, 4, 5, 6 and 7in series. 
The self inductance of the coils is 
Lcpl = L16, Lcp2 = Ll, Lcnl =LS, Lcn2 = L9, 
Ls1 =Lio + Ln + Li2 + L13 + Li4 +Lis 
m10_11 + m10_12 + m10_13 + m10_14 + m10_1s 
m11_12 + m11_13 + m11_14 + m11_1s 
m12_13 + m12_14 + m12_1s 
m13_14 + m13_1s 
m14_1s 
L 82 = L 2 +L3 +L4 +Ls +L6 +L7 
m2_3 + m2_ 4 + m2_s + m2_6 + m2_7 
m3_4 +m3_s +m3_6 +m3_7 
m4_s + m4_6 + m4_7 
ms_6 +ms_7 
m6_7 
, and 
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6.4.3.4 Mutual inductance between the field coil and the other coils in the 7-coil 
equivalent circuit 
Mf_cpl = Mcpl_f = Mf_16, Mf_cp2 = Mcp2_f = Mcsc_f = Meese = Mel• 
Mf_s2 = Ms2_f = Mc2 + Mc3 +Mc 4 +Mes + Mf_6 + Mc1 , 
Mf_cnl = Mcnl_f = Mes ' Mf_cn2 = Mcn2_f = Mf_9 ' and 
Mf_sl = Msl_f = Mc10 + Mc11 + Mc12 + Mf_13 + Mc14 + Mf_lS 
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6.4.3.5 Mutual inductance between the coils of the 7-coil equivalent circuit 
rncpl_cp2 = rncp2_cpl = rncsc_cpl = rncpl_Csc = rn1_16' 
fficpl_s2 = ms2_cpl = m2_16 + m3_16 + m4_16 + m5_16 + m6_16 + m7_16' 
fficpl_cnl = fficnl_cpl = ms_16' fficpl_cn2 = fficn2_cpl = m9_16' 
mcpl_sl = msl_cpl = m10_16 + m11_16 + m12_16 + m13_16 + m14_16 + +m1s_16' 
fficp2_cnl = fficnl_cp2 = fficnl_Csc = mcsc_cnl = mi_g' 
fficp2_cn2 = fficn2_cp2 = mcsc_cn2 = fficnl_Csc = m1_9' 
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fficp2_s2 = ffis2_cp2 = ffis2_Ccs = IDcsc_s2 = mi_2 + m1_3 + m1_ 4 + mi_s + m1_6 + m1_7, 
lllcp2_s1=fils1_cp2=mcsc_s1=fils1_Csc=m1_1o+m1_11+mi_12+m1_13+m1_14+m1_15, 
ms2_cnl = fficnl_s2 = m2_8 + m3_g + m4_g + m5_g + m6_8 + m7_g' 
ms2_sl = msl_s2 = 
m2_10 + m3_10 + m4_10 + m5_10 + m6_10 + m7_10 + 
m2_11 +m3_11 +m4_11 +m5_11 +m6_11 +m7_11 + 
m2_12 + m3_12 + m4_12 + m5_12 + m6_12 + m7_12 + 
m2_13 + m3_13 + m4_13 + m5_13 + m6_13 + m7_13 + 
m2_14 + m3_14 + m4_14 + m5_14 + m6_14 + m7_14 + 
m2_1s + m3_1s + m4_1s + m5_1s + m6_15 + m7_1s 
fficnl_cn2 = fficn2_cnl = m9_g' 
mcnl_sl = msl_cnl = ms_lO + ms_l 1 + mg_12 + mg_13 + ms_14 + ms_15 ' and 
mcn2_sl = msl_cn2 = m9_10 + m9_11 + m9_12 + m9_13 + m9_14 + m9_15 
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6.4.4 5-coil Equivalent Circuit of the Davey Machine with a Short-circuit 
Coil in Armature 
When two coils are under commutation including the short-circuit, a 5-coil 
equivalent circuit models the Davey machine. For example, when rotor position is 
between 30 and 45 degrees, the short-circuit coil (Coil 1) is under commutation by 
the positive brush and each parallel path is formed by 7 coils in series, shown in 
figure 6.18. 
Rpl ia 
Csc=Coil 1 Rsc = r1 
isc = il is2 
Sl S2 
RL 
Rsl Rs2 
isl 
icnl Cnl Rcnl 
Rn2 Rnl 
inl 
in2 
Figure 6.18: The 5-coil equivalent circuit of the Davey machine to model short-circuit 
armature coil 
There are five differential equations for this circuit, written in matrix form as 
equation (6.9), where the voltage matrix is 
v = [uf o o o o]T (6.61) 
The current matrix is 
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The resistor matrix R is 
Rf 0 0 0 
0 ri 0 0 
0 0 Rs2 +RL +Rp1 +Rn1 -Rn1 
0 0 -Rn1 Renl + Rnl + Rn2 
0 -Rp1 -RL -Rn2 
The inductance matrix L is 
Lff Meese Mes2 Meenl Mesi 
Meese Lese mese_s2 mese_enl mese_sl 
Mes2 mese_s2 Ls2 ms2_enl ms2_sl 
Meenl mese_enl ms2_enl Lenl menl_sl 
Mesi mese_sl ms2_sl menl_sl Ls1 
6.4.4.1 Coil Resistance of the 5-coil Equivalent Circuit 
The coil resistances of the 5-coil equivalent circuit are, 
Repl = Rese = Renl = Reoil 
Rs2 = 7Reoil 
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(6.62) 
0 
0 
-Rp1 -RL 
-Rn2 
Rs1 +RL +Rn2 +Rp1 
(6.63) 
(6.6) 
(6.65) 
(6.66) 
(6.67) 
6.4.4.2 Brush-segment contact resistance of the 5-coil Equivalent Circuit 
The contact resistances of the negative brush-segment are the same as those 
discussed in section 6.3.2.2. However, for the positive brush-segment, although the 
positive brush partially contacts segment 1 and 2, only Rp1 is used to model the 
positive brush-segment contact resistance since segment 1 and 2 are shorted together, 
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shown in figure 6.19. Rp1 is assumed to be constant and equal to the positive brush 
resistance at this interval. 
Rotor direction 
16 2 3 
Figure 6.19: The positive brush-segment contact resistance of the 5-coil equivalent 
circuit with a short-circuit armature coil. 
6.4.4.3 Self inductance of the 5-coil Equivalent Circuit 
The coil combinations in the 5-coil equivalent circuit for different rotor position are 
summarised in table 6.2. To illustrate the inductance matrix, consider the instant 
when the rotor position is between 30 and 45 degrees. 
Coil Cpl= Coil Csc =Coil 1, Coil Cn1 = Coil 8, 
Coil S1 =Coil 9, 10, 11, 12, 13, 14, 15 and 16 in series, and 
Coil S2 =Coil 2, 3, 4, 5, 6, 7 and 8 in series. 
The self inductance of the coils are 
Lcpl = Lcsc=Ll, Lcnl = L9, 
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Lsi =Lio+ Lii + L11 + L13 + L14 +Lis + Li6 
m10_11 + m10_i2 + m10_13 + m10_i4 + m10_is + m10_i6 
m11_i2 + m11_13 + m11_i4 + m11_is + m11_i6 
m12_13 + m12_i4 + m12_is + mi2_i6 
m13_i4 + m13_is + m13_i6 
mi4_is +mi4_i6 + 
mis_i6 
L 82 =L2 +L3 +L4 +Ls +L6 +L7 +L8 
m2_3 + m2_ 4 + m2_s + m2_6 + m2_7 + m2_8 
m3_4 +m3_s +m3_6 +m3_7 +m3_g 
m4_s + m4_6 + m4_7 + m4_g 
ms_6 + ms_7 + ms_s 
m6_7 +m6_8 
+m7_g 
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, and 
6.4.4.4 Mutual inductance between the field coil and the other coils in the 5-coil 
equivalent circuit 
Mr_cpi = Mcpi_f = Mcsc_f = Mr_csc = Mei' Mr_cni = Mcni_f = Mc9' 
Mr_s2 = Ms2_f = Mc2 + Mc3 +Mc 4 +Mes + Mf_6 + Mc7 +Mes' and 
Mr_si = Msl_f = Mci6 + Mc10 + Mci i + Mr_12 + Mc13 + Mci4 +Meis 
6.4.4.5 Mutual inductance between the coils of the 5-coil equivalent circuit 
fficpl_cni = IDcnl_cpi = IDcnl_Csc = mcsc_cni = mi_9' 
ms2_cni = IDcni_s2 = m2_9 + m3_9 + m4_9 + ms_9 + m6_9 + m7 _9 + mg_9 ' 
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mcnl_sl = msl_cnl = m9_10 + m9_11 + m9_12 + m9_13 + m9_14 + m9_15 + m9_16' 
and 
m2_10 +m3_10 +m4_10 +m5_10 +m6_10 +m7_10 +mg_10 + 
m2_11 +m3_11 +m4_11 +m5_11 +m6_11 +m7_11 +mg_11 + 
m2_12 + m3_12 + m4_12 + ms_12 + m6_12 + m1 _12 + mg_12 + 
ms2_sl = msl_s2 = m2_13 + m3_13 + m4_13 + ms_l3 + m6_13 + m1 _13 + mg_13 + 
m2_14 +m3_14 +m4_14 +m5_14 +m6_14 +m7_14 +ms_14 + 
m2_15 +m3_15 +m4_15 +m5_15 +m6_15 +m7_15 +mg_15 + 
m2_16 +m3_16 +m4_16 +m5_16 +m6_16 +m7_16 +mg_16 
6.5 Techniques for Numerically Solving Ordinary Differential 
Equations (ODE) 
An ordinary differential equation (ODE) can always be written as a set of first order 
differential equations of the form : 
dy = f(t, y(t)) 
dt 
(6.68) 
With an initial value y0 given at t0 , it is required to find a function y(t) defined 
over an interval (the length of the interval= step length (h)) which satisfies equation 
(6.68). 
The simplest, and the most easily understood, numerical methods to solve an initial 
value problem are one-step methods. The general one-step method is an iteration of 
the form: 
(6.69) 
where k = 0, 1, ... n-1. 
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The function 8( xk, Yk; h) is called the increment function, that can be used to obtain 
Yk+I from Yk. The step size, h, may be fixed, unless an error analysis indicates the 
change of his necessary. Euler's method and the Runge-Kutta method are the two 
common one-step methods that will be considered here. 
6.5.1 Euler's Methods 
Euler's method is the simplest one-step method. Given that the starting point, x
0 
and 
Yo , and the gradient of the curve, y' = f( x, y) at that point, the next point on the 
curve could be approximated from x 0 -h to x 0 +h, for small values of h. So y( x0 + h) 
can be approximated by: 
(6.70) 
Continuing the process of equation (6.70) gives the general Euler's method iteration: 
Yn+l = Yn + hf(xn, Yn) (6.71) 
Where Xn = X 0 + nh . 
The improved Euler's method (Heun's method) gets an estimate of Yn+I' as in the 
original Euler's method, but calls the result Zn+I · The average of f(xn, Yn) and 
f(xn+I,Yn+i) is then taken in place of J(xn,Yn) in the next step, then 
(6.72) 
In general, the estimated value of y( x0 + h) from these two methods will not be on 
the solution curve y(x), but for well-behaved functions and sufficiently small step 
size, a satisfactory approximation should result. 
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6.5.2 Runge-Kutta Methods 
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The inaccuracy of the Euler's method is due to the assumption that the gradient 
remains constant over the whole step. The Runge-Kutta method now to be described 
examines the gradient (or the increment function) at various points close to (xn, Yn), 
in order to get a better idea of the behaviour of the gradient. The increment function 
is expressed as a weighted average of the gradient near ( xn, y n) as 
(6.73) 
The weights wk and the sample points (Pk• qk) in equation (6.73) must be chosen 
carefully for best results. The Runge-Kutta methods are different schemes for 
choosing these values [127]. The fourth order of Runge-Kutta method requires four 
intermediate calculations of the weight functions as 
(6.74) 
where 
kl= J(xn,Yn) 
kz = ~ Xn + ~ , Yn + h;) 
j h hk2) "3 = J ~ Xn +2,Yn +2 
k4 = J(xn + h, Yn + h"3) 
The fourth order of Runge-Kutta method is the most popular method because it is 
easy to implement, and virtually always succeeds in giving a good approximation. 
The drawbacks are that it is computationally inefficient, and errors are harder to 
control than other methods. 
Chapter6. Numerical Modelling of DC Motors with 
Open-circuit and short-circuit Annature Coils 
6.5.3 Other Methods of Solving ODEs 
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Other alternative methods of solving ODEs exist [128] such as Richardson 
extrapolation, also known as the Burlisch-Stoer method, and the predictor-corrector 
method. Both of these are more complex to implement than Runge-Kutta and also 
less likely to converge. However, they can be more accurate, and faster to compute. 
The differential equations of all equivalent circuits can be written in the form of 
equation (6.36). Hence these equations can be solved to find the currents using the 
Runge-Kutta method. 
6.6 Inductance Measurement on the Davey Machine 
In order to solve the system equations, it is necessary to obtain the various resistances 
and inductances of the Davey motor. Since the machine is cylindrical, and the effects 
of slot opening are ignored, it follows that the self inductance of the field winding is 
independent of the rotor position. With this exception, the coefficients in the 
inductance matrix are all functions of rotor position. These coefficients where 
measured using a Direct Current Inductance (DCI) Bridge that was made in the 
Electrical Engineering Department of University of Tasmania [129]. All the tests 
were carried out with the machine stationary. The brush-gear was removed and 
contact leads were used to contact onto the commutator segments [125]. 
6.6.1 Field-armature Coil Mutual Inductance Men 
Figure 6.20 shows the developed diagram of the Davey machine for mutual 
inductance measurement. A DC supply and the reversing switch were connected to 
the armature as shown in figure 6.20 to set up the same flux as under normal 
operating condition. 
In fact, measurement was taken of two symmetrically equivalent coils that are 
connected in parallel. 'Coil a' is equivalent to coils 1, 2, 3,4, 5, 6, 7, and 8 in series. 
'Coil b' is coils 8, 9, 10, 11, 12, 13, 14, 15 and 16 in series. The induced voltage 
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from the field winding is integrated. The field-armature mutual inductance Ma was 
measured and equal Lu 3.87±0.0lH. 
Assuming that Men are sinusoidal and can be expressed as 
Mf_n = Msin(mr1t + (n -1)· w c) (6.75) 
where M is the peak value of the field-armature coil mutual inductance, w c is the 
segment width and equal to n I 8, mrt is the angular speed of the rotor and n is an 
integer from 1 to 16. 
Referring to figure 6.20, mrtt=O, and Ma can be expressed in terms of Men as 
8 
Ma= MLsin((n-l)·wc) (6.76) 
n=i 
Substitute Ma = 3.87H into (6.41) gives M=0.78H. Hence, 
(6.77) 
6.6.2 Self Inductances of Field and Armature Coils Lff and Li 
Lff=284H ± 5%, Rff= llOOQ 
Coil 1 was disconnected from segment 1 to measure Li . Measurements were carried 
out at different rotor positions. When mrtt=O, maximum value of Li = 15.6mH. 
When mrtt=n I 2, minimum value of Li = 5.7mH. Hence, the self inductance of the 
armature coils can be expressed as 
(6.78) 
where Lave is average value of Li and Lpeak is the maximum variation of Li . 
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Field 
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segments 
contacts 
90degrees 
To DC supply in series with 
a reversing switch 
Figure 6.20: The developed diagram of the Davey machine for inductance measurement 
It should be noted that the self-inductance of coil 1 has the minimum value when the 
turns lie on the field axis, not the armature axis. Jones [125] suggested that it is due 
to the leakage reluctance of the pole faces being less than the direct reluctance of the 
poles and yoke. 
6. 7 Numerical Solution of the Davey Machine Model 
The mathematic model equations were solved using Matlab. Matrix inverses were 
calculated using Matlab matrix division operation that is actually computed by 
solving the upper and lower triangular system (LU-decomposition method). 
A step size of 0.5 mechanical degrees (720 samples per revolution) was used for 
satisfactory simulation of the model. Simulating the Davey machine required about 
25 hours of CPU time in order to produce one second of simulated time data. It takes 
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about 1.2 seconds of simulated time to reach the steady state condition. The program 
may no doubt be optimised to solve the equations faster but no serious effort has 
been put into this. 
6.7.1 Simulation of the Davey Machine at Steady State Condition in Healthy 
Condition 
A steady DC voltage was used for the field supply and the rotor speed was assigned 
to 1569rpm. Figure 6.21 and 6.22 show the simulation results of the armature and 
field current waveform of the Davey machine at steady state with a good armature, ie 
no open-circuit or short-circuit armature coils. A time step of (1/18828) sec was used. 
Two times speed frequency and the slot ripple are distinguishable. 
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Figure 6.21: Simulated armature current of Davey machine in healthy condition 
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Figure 6.22: Simulated field current of Davey machine in healthy condition 
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Figure 6.23: Armature current waveform of Davey machine with a good armature at 
steady state (measurement result) 
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Figure 6.24: Field current waveform of Davey machine with a good armature at steady 
state (measurement result) 
Figure 6.23 and 6.24 show the armature and field current, measured by means of the 
voltage across a nonconductive resistor so that the DC level can be shown. The 
armature and field current were sampled at lOkHz and 65536 samples were recorded 
for each measurement, ie frequency resolution of FFf is 0.15Hz. Significant double 
speed frequency components can be found in armature and field current waveforms. 
Current measurements were also obtained from a clip-on Rogowski coil to avoid the 
electrical noise, particularly when the motor had a defective armature coil. This type 
of air-core coil generates a voltage proportional to the coil's mutual inductance and 
the rate of change of current. The operation of this coil was discussed in section 
5.4.1. 
Hence, for the simulation results, instead of performing spectrum analysis directly on 
the waveforms, spectrum analysis was carried out for the time derivative. 32768 
samples were used for the spectrum analysis, ie frequency resolution is 0.57Hz, 
which is lower than the measurement spectrum, 0.15Hz. As a result the peaks in the 
simulation are wider, compared to measurement. 
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Figure 6.25: Spectrum of the derivative of the armature current of Davey machine in 
healthy condition (simulation result) 
Figure 6.25 shows the simulation spectrum of the armature current from 0 to 250Hz. 
The zero dB frequency of the simulation results was the slot harmonic (16 times the 
speed frequency). As the results do not contain the DC level and time harmonics, 
speed frequency and its multiples become dominant. The even speed harmonics in 
the simulation result are relatively higher than the rest and are due to the 2mr 
variation of armature coil self-inductance (section 6.62) caused by saliency of the 
machine. The speed frequency appearing in the simulation result is due to the 
difference of the resistance value of positive and negative brushes. As in general, the 
contact drops at positive and negative brushes are different [130]. 
Figure 6.26 shows measured derivative of the armature current spectrum. The zero 
dB frequency was the slot frequency. The amplitude of 2fr and 4fr components are 
significantly higher than the rest. The odd speed frequency components have lower 
relative amplitude than in the simulation. 
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Figure 6.26: Spectrum of the derivative of the armature current of Davey machine in 
healthy condition (obtained by Rogowski coil) 
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Figure 6.27: Spectrum of the derivative of field current of Davey machine in healthy 
condition (simulation result) 
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Figure 6.28: Spectrum of the derivative of the field current of Davey machine in healthy 
condition (obtained by Rogowski coil} 
Figures 6.27 shows the corresponding simulated field current spectrum. The relative 
amplitude of the speed frequency and its multiples are about 25dB down from the 
48fr component. Figure 6.28 shows the field current spectrum obtained from 
measurement. There is a similar pattern dominant frequencies as the corresponding 
armature current spectrum. 
Average ia = l.9A Average ia = l.6A Average ia = l.lA Average ia = 0.7A 
Hz dB Hz dB Hz dB Hz dB 
fr 26.2 -39.3 26.6 -41.0 26.8 -46.9 27.1 -52.1 
2fr 52.8 -24.8 53.3 -26.3 53.6 -32.4 54.2 -38.3 
3fr 78.8 -39.2 79.9 -37.5 80.5 -43.5 81.3 -45.5 
4fr 104.5 -20.0 106.3 -22.2 107.3 -28.2 108.5 -33.4 
5fr 131.0 -38.5 133.1 -40.3 134.2 -46.9 135.4 -52.1 
6fr 157.0 -26.1 160.0 -28.3 170.0 -34.5 162.8 -40.0 
7fr 183.2 -38.1 186.0 -40.0 188.0 -46.1 190.0 -51.1 
8fr 209.2 -25.8 212.9 -28.0 214.1 -33.8 216.5 -38.2 
9fr 235.6 -41.2 239.2 -43.0 241.5 -50.0 244.0 -54.8 
16fr 418.3 0 426.0 0 430.0 0 433.5 0 
48fr 1255 -10.7 1277 -12.9 1286 -19.0 1301 -24.4 
Table 6.3 Simulation results of the derivative armature current spectrum of Davey 
machine in healthy condition 
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The effect of different load conditions on the relative amplitude of the speed related 
frequency components was also investigated. Another three simulations were 
computed for different armature currents. Measurements were also carried out for 
comparison. The relative amplitude of the harmonics up to 250Hz is summarised in 
tables 6.3, 6.4, 6.5 and 6.6. 
Average ia = 2.0A Average ia = l.5A Average ia = l.OA Average ia = 0.5A 
Hz dB Hz dB Hz dB Hz dB 
fr 28.6 -52.2 29.2 -58.1 29.8 -54.7 30.2 -53.7 
2fr 57.2 -18.8 58.4 -20.5 59.6 -17.9 60.4 -16.5 
3fr 85.9 -49.0 87.6 -54.5 89.5 -55.0 90.6 -51.8 
4fr 114.5 -19.0 117.0 -20.4 119.2 -18.8 120.8 -17.6 
5fr 143.1 -54.0 146.1 -55.8 149.1 -40.6 151.1 -60.7 
6fr 171.7 -39.3 175.5 -44.8 180.0 -43.6 181.5 -43.7 
7fr 200.4 -54.6 204.5 -50.4 208.5 -57.3 211.5 -56.8 
8fr 229.0 -34.2 233.8 -36.5 238.3 -38.0 241.7 -39.3 
9fr 257.6 -40.9 262.5 -43.0 268.0 -50.0 271.9 -55.2 
16fr 458.1 0 467.0 0 476.8 0 483.5 0 
48fr 1373 -29.6 1402 -28.0 1430 -30.4 1450 -28.9 
300Hz 300 -0.5 300 -2.63 300 -0.7 300 -0.2 
Table 6.4: Measurement results of armature current spectrum of Davey machine in 
healthy condition 
Average ia = 1.9A Average ia = 1.6A Average ia = 1.lA Average ia = 0.7 A 
Hz dB Hz dB Hz dB Hz dB 
fr 26.2 -28.4 26.6 -30.5 26.8 -36.7 27.1 -41.9 
2fr 52.8 -27.1 53.3 -29.4 53.6 -35.2 54.2 -40.0 
3fr 78.8 -30.0 79.9 -31.8 80.5 -38.0 81.3 -43.3 
4fr 104.5 -21.0 106.3 -23.l 107.3 -29.3 108.5 -34.2 
5fr 131.0 -28.5 133.1 -30.7 134.2 -36.8 135.4 -42.0 
6fr 157.0 -28.3 160.0 -30.8 170.0 -36.9 162.8 -41.8 
7fr 183.2 -27.5 186.0 -29.2 188.0 -35.1 190.0 -40.1 
8fr 209.2 -19.0 212.9 -21.2 214.1 -27.8 216.5 -34.0 
9fr 235.6 -27.4 239.2 -29.9 241.5 -36.2 244.0 -41.2 
16fr 418.3 -0.9 426.0 -3.l 430.0 -9.6 433.5 -15.1 
48fr 1255 0 1277 0 1286 0 1301 0 
Table 6.5 Simulation results the derivative of field current spectrum of Davey machine 
in healthy condition 
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Average ia = l.9A Average ia = l.6A Average i.= 1.lA 
Neutral-plane Neutral-plane shift=6 Neutral-plane 
shift=8 degrees degrees shift=4 dei rees 
Hz dB Hz dB Hz dB 
fr 28.6 -33.9 29.2 -44.0 29.8 -46.7 
2fr 57.2 -10.2 58.4 -8.5 59.6 -5.1 
3fr 85.9 -30.3 87.6 -31.5 89.5 -36.0 
4fr 114.5 -20.4 117.0 -16.4 119.2 -15.8 
5fr 143.1 -31.0 146.1 -22.8 149.1 -28.6 
6fr 171.7 -35.9 175.5 -20.8 180.0 -26.6 
7fr 200.4 -29.8 204.5 -23.4 208.5 -29.3 
8fr 229.0 -21.9 233.8 -21.5 238.3 -20.0 
9fr 257.6 -30.9 262.5 -33.0 268.0 -30.0 
16fr 458.l -9.5 467.0 -1.6 476.8 -3.8 
48fr 1373 -8.5 1402 -11.4 1430 -13.4 
300Hz 300 0 300 0 300 0 
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Average i0 = 0.7A 
Neutral-plane 
shift=O dei rees 
Hz clB 
30.2 -43.7 
60.4 -4.5 
90.6 -35.8 
120.8 -17.6 
151.1 -29.7 
181.5 -26.7 
211.5 -29.8 
241.7 -20.3 
271.9 -30.2 
483.5 -4.5 
1450 -15.5 
300 0 
Table 6.6: Measurement results of field current spectrum of Davey machine in healthy 
condition 
It is expected that the amplitude of the harmonics in armature and field current from 
simulation should vary linearly with the load, since the magnetic circuits of the 
models are assumed to be linear. However, results in tables 6.3 and 6.5 show the 
relative amplitude of the harmonics vary with load. This is because the slot frequency 
16f, or the commutator segment frequency 48J,. is the zero dB components, and their 
amplitude is a result of the non linear brush resistance. 
From measurement results, only the J,. component in armature and field current has 
significant change in its amplitude at full load condition. 
6.7.2 Simulation of an Open-circuit Armature Coil 
An open-circuit of one armature coil can be modelled by simply assigning a very 
large resistance to coil 1; R1 = 500.Q . Figures 6.29 and 6.31 show the spectrum of 
the simulated of derivative of armature and field current for the Davey machine with 
an open-circuit armature coil. The speed was assigned as the case with a good rotor. 
The steady state value of the armature current dropped about one third of the normal 
value. In figure 6.29, the zero dB frequency is the slot harmonic. The amplitude of 
the speed frequency and its multiples increase significantly, particularly for the even 
speed harmonics (10 to 15dB increase). However, for the measurement results shown 
in figure 6.30, no significant change was found for the double speed frequency. 
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Figure 6.29: Spectrum of the derivative of armature current of Davey machine with 
open-circuit armature coil (simulation result) 
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Figure 6.30: Spectrum of the derivative of armature current of Davey machine with 
open-circuit armature coil (measurement result) 
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Figure 6.31: Spectrum of the derivative of field current of Davey machine with open-
circuit armature coil (simulation result) 
Average ia = 2.0A Average ia = l.5A Average ia = 1.9A Average ia = 1.6A 
Measurement Measurement Simulation Simulation 
(health v condition) (open-circuit coil) (healthy condition) (open-circuit coil) 
Hz dB Hz dB Hz dB Hz dB 
fr 28.6 -52.2 26.8 -24.5 26.2 -39.3 26.2 -31.0 
2fr 57.2 -18.8 53.7 -16.2 52.8 -24.8 52.8 -14.3 
3fr 85.9 -49.0 80.4 -20.2 78.8 -39.2 78.8 -45.0 
4fr 114.5 -19.0 107.3 -11.9 104.5 -20.0 104.5 -9.0 
5fr 143.1 -54.0 134.l -18.7 131.0 -38.5 131.0 -37.8 
6fr 171.7 -39.3 161.0 -18.3 157.0 -26.l 157.0 -5.6 
7fr 200.4 -54.6 187.7 -19.6 183.2 -38.1 183.2 -32.8 
8fr 229.0 -34.2 214.5 -18.8 209.2 -25.8 209.2 -4.8 
9fr 257.6 -40.9 241.4 -19.l 235.6 -41.2 235.6 -36.5 
16fr 458.1 0 467.0 0 418.3 0 418.3 0 
48fr 1373 -29.6 1402 -18.0 1255 -10.7 1255 -10.5 
300Hz 300 -0.5 300 -1.1 - - - -
Table 6.7: Measurement and simulation results of armature current spectrum of Davey 
machine with and without a open-circuit armature coil 
For the simulated field current spectrum, the amplitude change of the speed 
frequency related components is relatively lower compared to the corresponding 
armature current spectrum (less than lOdB), shown in figure 6.31. Noticeable 
amplitude change of the even speed frequency components can be found. The 
measurement result is shown in figure 6.32. No significant amplitude change of the 
speed frequency and its multiples can be found, probably due to the low magnetic 
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coupling factor between the armature and field circuit. The results are in tables 6.7, 
and 6.8. 
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gure 6.32: Spectrum of the derivative of field current of Davey machine with open-
circuit armature coil (measurement result) 
Average ia = 2.0A Average ia = l.5A Average i.= l.9A Average i.= l.6A 
Measurement Measurement Simulation Simulation 
(health { condition) (open-circuit coil) (healthy condition) (open-circuit coil) 
Hz dB Hz dB Hz dB Hz dB 
29.2 -33.9 27.6 -34.l 26.2 -28.4 26.2 -22.8 
58.4 -10.2 55.4 -17.4 52.8 -27.l 52.8 -18.8 
87.7 -30.3 83.0 -28.l 78.8 -30.0 78.8 -24.2 
116.9 -20.4 110.6 -13.2 104.5 -21.0 104.5 -25.8 
146.l -31.0 138.4 -27.6 131.0 -28.5 131.0 -22.7 
151.3 -35.9 166.0 -17.4 157.0 -28.3 157.0 -13.8 
204.5 -29.8 193.6 -28. l 183.2 -27.5 183.2 -24.l 
233.8 -21.9 221.4 -17.54 209.2 -19.0 209.2 -9.8 
262.8 -30.9 248.4 -28.5 235.6 -27.4 235.6 -25.4 
16f, 467.2 -6.5 442.0 -4.5 418.3 -0.9 418.3 -0.9 
48f, 1402 0 1325 0 1255 0 1255 0 
300Hz 300 -5.4 300 -4.0 - - - -
Table 6.8: Measurement and simulation results of field current spectrum of Davey 
machine with and without a open-circuit armature coil 
Fi 
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The larger amplitude of the even speed harmonics in the simulated armature current 
spectrum compared to measurement results can be explained as follows. The model 
of the brush-commutator set uses linear behaviour of the carbon-copper (brush-
commutator) resistance. With an open-circuit coil existing, rapid current change 
occurs in the parallel paths when the faulty coil passes under the brushes. For a two-
pole motor (two brushes), the rapid current change occurs two times per revolution. 
This is reflected in the simulated armature current spectrum at the twice speed 
frequency and its multiples. 
However, in practice, the resistance of the brush-commutator contact film is non-
linear and is a function of current density, current direction, temperature, and brush 
material. When there is an open-circuit coil, excessive arcing, metal transfer, and 
associated burning occur every time the faulty coil passes under the cathode 
(negative) brush [28]. During sparking, because the temperature is high enough, 
thermionic emission is the main source of electrons. With a negative brush, the 
cathode spot will tend to remain fixed, being a copious source of electrons and 
cathode vapour compared with other areas. An unduly high current density in this 
spot results in bar burning. For the positive brush, the thermionic emission can be 
very small, and movement of the cathode spot is much more likely [132-133]. It 
causes less sparking. This effect is reflected the amplitude change of the speed 
frequency of a two pole motor when a fault occurs on the armature (once per 
revolution). Hence, for the Davey motor, when open-circuit armature coil occurs, the 
amplitude of the speed frequency in armature current increases rather than the twice 
speed frequency component. 
6. 7 .3 Simulation of a short-circuit Armature Coil 
Figures 6.33 and 6.34 show the spectrum of the simulated armature and field current 
for the Davey machine with a short-circuit armature coil. The speed was the same as 
with a good armature. The amplitude of even multiples of speed frequency 
components increase rapidly. The double speed frequency is the largest component 
and is the zero dB frequency of the spectra. The speed frequency and its odd 
multiples show about 10 to 15d.B increase in their amplitude. The amplitudes of the 
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field and armature current, with and without the shorted armature coil, are in table 
6.9. 
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Figure 6.33: Spectrum of the derivative of armature current of Davey machine with 
short-circuit armature coil (simulation result) 
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Figure 6.34: Spectrum of the derivative of field current of Davey machine with short-
circuit armature coil (simulation result) 
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Figure 6.35: Simulated current waveform in the shorted armature coil. 
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It is expected that a very large alternative current flow in the shorted coil. Figure 6.35 
shows that the simulated current is 34A peak to peak and the fundamental component 
is the speed frequency. Its amplitude is dependent on the rotor speed only, not on the 
value of the load current. 
Armature current Armature current Field current Field current 
(good armature) (with shorted (good armature) (with shorted 
armature coil) armature coil) 
Hz dB Hz dB Hz dB Hz dB 
fr 26.2 -39.3 26.2 -14.3 26.2 -28.4 26.2 -15.5 
2fr 52.8 -24.8 52.8 17.3 52.8 -27.l 52.8 14.3 
3fr 78.8 -39.2 78.8 -14.3 78.8 -30.0 78.8 -13.9 
4fr 104.5 -20.0 104.5 14.8 104.5 -21.0 104.5 8.4 
5fr 131.0 -38.5 131.0 -18.5 131.0 -28.5 131.0 -9.9 
6fr 157.0 -26.l 157.0 9.6 157.0 -28.3 157.0 5.0 
7fr 183.2 -38.l 183.2 -20.6 183.2 -27.5 183.2 -13.0 
8fr 209.2 -25.8 209.2 3.0 209.2 -19.0 209.2 -4.2 
9fr 235.6 -41.2 235.6 -15.2 235.6 -27.4 235.6 -8.8 
16fr 418.3 0 418.3 0 418.3 -0.9 418.3 7.2 
48fr 1255 -10.7 1255 6.8 1255 0 1255 0 
Table 6.9: Simulation results of armature and field current spectrum of Davey machine 
As the only measurement result of the Davey machine with a shorted armature coil is 
when the motor was run at 485rpm, another simulation was run with the same 
assigned motor speed. A step size of 0.25 mechanical degree (1440 samples per 
revolution, 11664Hz) was used to satisfactory simulate operation of the machine. 
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Figure 6.36: Simulated current waveform in the shorted armature coil of the Davey 
machine running at 485rpm 
Figure 6.36 shows the simulated current waveform in the shorted armature coil. The 
peak to peak value of this waveform is about one third of the ful speed case as only 
one third of the speed was assigned in this simulation. No corresponding 
measurement result is available for comparison because there was no way of geting 
at the shorted coil. A Hal plate was used to get an estimate of the shorted coil 
curent. 
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Figure 6.37: Spectrum of the derivative of armature current of Davey machine with 
short-circuit armature coil running at 485 rpm (simulation result) 
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Figure 6.38: Spectrum of the derivative of armature curent of Davey machine with 
short-circuit armature coil running at 485 rpm (measurement result) 
Figure 3.37 shows the simulated armature current spectrum at 485rpm. 16384 
samples were used for the spectrum analysis, ie the resolution is 0.7Hz, which is a lot 
worse than the resolution from measurement, 0.15Hz. Thus the peaks of the 
simulation are a lot wider that those from measurement. 
Figures 6.39 and 6.40 show the coresponding field current spectra, from simulation 
and measurement. The zero dB frequency components of the spectra obtained from 
measurement is the 300Hz rectifier ripple. 
In order to make a comparison between the simulation and measurement results, the 
16fr component is used as zero dB frequency of the components in the measured 
and simulated armature and field curent spectrum. The relative amplitude of the 
components up to 90Hz is shown in table 6.10. 
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Figure 6.39: Spectrum of the derivative of field current of Davey machine with short-
circuit armature coil running at 485 rpm (simulation result) 
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Figure 6.40: Spectrum of the derivative of field current of Davey machine with short-
circuit armature coil running at 485 rpm (measurement result) 
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Simulation result of the armature spectrum shows that the fr and 2fr components 
have the same amplitude level as the corresponding components in measurement. 
The rest of the components have rather higher relative amplitude than those from 
measurement. Similar pattern can be noticed in the field current spectra, but has a 
relatively lower relative amplitude in the simulation. 
The discrepancy of fr and 2fr harmonics amplitude between simulation and 
measurement armature spectrum ·may be due to the slot opening effect and the 
sparking occurred at the trailing brush tip. The accuracy of the self-inductance 
variation of armature coil and the assumption of different voltage drop across the 
positive and negative brush is also important as the fr and 2fr harmonics are caused by 
'these variations. 
Armature current Armature current Field current Field current 
(measurements) (simulation) (measurement) (simulation) 
Hz dB Hz dB Hz dB Hz dB 
fr 8.08 -17.0 8.1 -15.5 8.08 -18.4 8.1 25.1 
2fr 16.2 -3.0 16.2 3.0 16.2 11.3 16.2 -0.5 
3fr 24.3 -29.8 24.3 -9.3 24.3 -6.7 24.3 -21.5 
4fr 32.4 -26.2 32.4 1.5 32.4 -9.7 32.4 -1.0 
5fr 40.4 -20.2 40.5 -5.2 40.4 -14.4 40.5 -17.0 
6fr 48.5 -12.8 48.6 0.1 48.5 -5.2 48.6 -2.8 
7fr 56.6 -29.6 56.7 -5.9 56.6 -21.5 56.7 -20.0 
8fr 64.5 -27.4 64.8 -1.6 64.5 -10.4 64.8 -9.7 
9fr 72.6 -21.5 72.9 -6.8 72.6 -12.6 72.9 -17.5 
lOfr 80.72 -20.0 81 -3.1 80.72 -6.7 81 -22.2 
16fr 128.9 0 129.6 0 128.9 0 129.6 0 
48fr 387.0 -25.2 388.8 0.6 387.0 6.0 388.8 -4.6 
300Hz 300 6.0 - - 300 12.2 - -
Table 6.10: Simulation and measurement results of armature and field current spectrum 
of Davey machine with a shorted coil in armature running at 485rpm 
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This chapter has outlined the development of the models of the DC machine at steady 
state operation, which takes into account the physical arrangement of the field and 
armature coil windings. The model is based on the theory of magnetically coupled 
coils, and models the interaction of the field and armature magnetic fields that are 
formed by different coil combination, as the rotor rotates. The model was then 
modified so that the effects of open-circuit and short-circuit armature coils could be 
incorporated. 
A computer implementation of the model was used to simulate a laboratory machine, 
both with and without an open-circuit armature and short-circuit coil. Since the 
measurement of the machine currents was obtained with Rogowski coil, only the 
derivative of the measurement results was available. The derivative of the simulated 
current waveforms was used to perform spectrum analysis. Since a pure DC was used 
for the field voltage, the resultant armature and field waveform contain multiples of 
speed frequency only. 
An open-circuit armature coil was simulated by making one of the coil resistances 
very large. The amplitude of multiples of speed frequency of armature current 
increased when the fault occurred. The amplitude change of the even speed 
harmonics was higher than those measured from the test machine. The same pattern 
can be found in the field current spectrum but with lower amplitude change. 
This was probably due to the non-linear behaviour of the positive and negative brush-
commutator contact resistance that causes bar burning every time the faulty coil 
passes under the negative brush. This is reflected the armature current waveform with 
the significant amplitude change only on the number of brush pairs times speed 
frequency. For the field current, the effect of the defect on the armature circuit is low 
because of the nature of the design of the DC machine that is a low coupling factor 
between the field and armature circuit. 
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When the armature contains a shorted coil, an alternating emf is induced in the local 
closed circuit, so that current is limited solely by the impedance of the shorted coil. 
The heavy local current very often results in the burnout of the coil. 
Regarding the effect of the shorted armature coil on armature and field current 
spectrum, the relative amplitude of speed frequency and its multiples in armature 
current increases significantly. Similar results can be obtained from field current, but 
with relatively lower increase in amplitude. Hence, it can be concluded that for the 
detection of open-circuit or short-circuit armature coil, the armature current can 
provide more useful information of the armature condition than can the field current. 
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Chapter 7 
Summary and Future Work 
This thesis has examined a variety of topics concerning the detection of defects in 
squirrel-cage induction motors and DC motors. 
Firstly, induction motors. The thesis concentrates on rotor defects of squirrel-cage 
induction motors, which often occur in the form of cracking at the end-ring. Such 
defects can be detected by monitoring the double slip-frequency sideband of the 
stator current when the motor is under load. There has been significant. research 
world-wide on the detection of broken rotor bars in mains-supplied squirrel-cage 
induction motors. As the use of variable speed AC drives in industrial applications 
becomes more widespread, further exploration of this aspect is necessary. This thesis 
summarised the previous approach of using frequency spectrum analysis of stator 
current to detect broken rotor bars in a squirrel-cage induction motor controlled by a 
variable frequency drive. 
This thesis also describes an alternative non-invasive technique that computes the 
instantaneous value of the input power, and looks for distinctive frequencies in the 
waveform of the power. Shorted turns in the stator winding and broken rotor bar 
were introduced in a laboratory motor and an attempt was made to identify these 
faults through monitoring electrical power in PWM drives. In order to investigate the 
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effects of change in drive output frequency and different load conditions on the 
relative amplitude of frequency components in power, an experimental approach was 
taken. The AEI motor was run at different frequencies and different load supplied by 
the Renold drive and Zener drive (Appendix A). 
Secondly, DC motors. The second half of this thesis concentrates on a current 
monitoring technique for DC motors. An attempt was made to detect poor 
commutation, and rotor defects such as open-circuit and short-circuit armature coils 
of laboratory DC motors. In addition, two mathematical models were developed to 
allow the numerical simulation of DC motors with open-circuit and short-circuit 
armature coils under steady state conditions. 
The remainder of this chapter is a summary of the main points achieved in this study. 
Conclusions, possible extensions and areas of improvement that could be further 
investigated are also outlined. 
7.1 Summary of Work 
7.1.1 Stator Current Monitoring of Induction Motors 
Chapter 2 is a literature survey of the possible faults and vanous condition 
monitoring techniques for induction motors. Particular interest was shown in an 
attempt to detect rolling-element bearing fault of induction motors by using spectrum 
analysis of stator current and comparing it to vibration analysis. 
Chapter 3 gives the theory of the magnetic field harmonics in the air gap of an 
induction motor by Cameron [48]. It takes into account the effects of slotting, 
saturation, and rotor eccentricities, and predicts extra frequencies that could appear in 
the stator current as a result. The effect of a broken rotor bar on the frequency 
components caused by rotor slotting and eccentricity is discussed. The predictions by 
Thomson [16,18] and Kliman [76] of the number of broken rotor bars are applied to 
experimental results from a laboratory motor with deliberately cut rotor bars, with 
both mains and variable frequency supply. The difficulties of fault-related frequency 
identification for induction motors with variable supply frequency are also addressed. 
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Problems associated with previous attempts to detect broken rotor bars with varying 
supply frequency are discussed and summarised. 
These are the conclusions for stator current monitoring of induction motors (fixed 
supply frequency): 
• On-site monitoring tests showed that it is not possible to detect the early stage of 
a fault in a rolling-element bearing in induction motors using current monitoring, 
due to the very low amplitude of the mechanical displacement caused by the 
bearing faults. 
• The main fault frequencies that appear in the stator current spectrum due to 
broken rotor bars are the double slip-frequency sidebands, resulting from the 
modulation of the supply frequency. The layout of the stator winding, 
(distribution factors and coil span factors), will have a very significant effect on 
which frequencies will actually appear in the current. 
• Another distinct feature of the spectrum of a damaged rotor is the appearance of 
double slip-frequency sidebands centred on the fs ±fr components, the time 
harmonics, and the slot harmonics ifs is the supply frequency and fr is the speed 
frequency). 
• The prediction of the number of broken rotor bar from both Thomson [ 16-18] and 
Kliman [76] shows moderate agreement with test results. 
7.1.2 Monitoring of Instantaneous Input Power of Induction Motors 
Chapter 4 describes a method to detect both shorted coils in the stator winding, and 
broken rotor bars, from instantaneous input power of the motor, which is computed 
from measurement of two line-to-line voltages and two line currents. Spectrum 
analysis identifies the fault-related components. Such a method will still work when 
the supply changes, and is therefore very useful for VSD, especially as there are no 
other satisfactory techniques. It was first tried out on a motor with a deliberately 
damaged rotor, supplied at 50Hz, and gave good results. Later experimental results 
showed that the frequency spectrum of the power provides almost the same clarity of 
information of rotor condition at variable frequency operation as at fixed frequency. 
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The laboratory studies examined two PWM variable frequency drives and one motor. 
The effect of different frequency and load conditions on fault-related frequency of 
power was studied. As experimental results were only based on one motor and two 
drives, general conclusions must be tentative. However, the following features were 
discovered from laboratory tests: 
For a shorted coil in the stator winding: 
• There is a very high current induced in the shorted coil, which is independent of 
the motor load. 
• It produces (5+s)fs/3 and (7-s)fs/3 components and increase the amplitude of the 
twice supply frequency component in the power, where s is the per unit slip. 
However, the sensitivity of using 2fs component to detect such fault is dependent 
on the harmonic content of the supply. The 2fs component caused by the fault can 
not be distinguished when it is less than the 2fs caused by the harmonics from the 
supply. 
For broken rotor bars: 
• The main fault frequencies that appear in the power are the double slip-frequency 
and its multiples. It has the largest change in relative amplitude when the rotor is 
damaged. 
• The trend of± 2nfs (where n is an integer) sidebands of fr, 2fr, 2nfs and time 
harmonics are also indicated rotor faults. 
• These components are all more than 60dB down from the DC power and are 
either too low in amplitude or too close together when the load decreases. 
7.1.3 Current Monitoring of DC Motors 
Chapter 5 outlines the problems caused by poor commutation of DC motors and 
methods for measurement of the sparking level and fault identification. At present, 
on-line visual observation of sparking is most widely used in industry to assess the 
condition of DC motors. For suspected winding defects, off-line tests must be used. 
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This chapter describes experimental studies of the effect of incorrect interpole 
strength and armature defects, such as open- and short-circuit armature coils, on 
armature and field current of DC motors. In order to monitor the DC motor currents, 
an air-cored "Rogowski" coil was developed. 
For incorrect interpole strength, significant change in amplitude of the commutator 
segment frequency and its multiples of speed frequency sidebands in the armature 
and field current can indicate this defect. 
For rotor defects, such as open-circuit or short-circuit armature coil, significant 
increase in amplitude of the speed frequency (and its multiples) in armature current 
indicates the defects. The largest amplitude component is the (number of pole-pair) 
times (speed frequency). 
Chapter 6 describes a mathematical model of the DC motor based on magnetically 
coupled coils. A computer solution of the model equations predicted the steady speed 
field and armature current waveforms of a particular Y2 HP DC motor, both with and 
without armature defects. As the measurements were obtained by using the Rogowski 
coil, the derivative of the computed current waveforms was used for spectrum 
analysis in order to compare them with measurements. 
The measurement and simulation results showed that the average value of the 
armature current dropped to two third of the normal value due to an open-circuit coil 
in armature. The amplitude change of the even speed harmonics of the simulated 
armature current was higher than the measurement results. This is due to the non-
linear behaviour of the positive and negative brush-commutator contact resistance. 
The steady state model was modified to incorporate a shorted-circuit armature coil. 
Simulation results show that a large current is induced in the shorted coil. The 
relative amplitude level of the components in simulation is in general higher than 
measurement. It may due to unfortunate choice in the simulation of zero dB for the 
slot frequency (or its multiples). These components resulted from the non-linear 
resistance between the brush and commutator segment. It also showed that frequency 
spectrum analysis of armature current can provide more useful information of 
armature circuit condition than field current. 
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This thesis has provided some theoretical and experimental studies on the detection 
of broken rotor bars in an induction motor with varying supply frequency. This 
information could be used as the basis for implementing a condition monitoring 
system. 
The idea of input power analysis is to detect the double slip-frequency component in 
the input power, which results from modulation of current waveform by the voltage. 
It means that the double slip-frequency component in power is the envelope 
component in the stator current waveform. Hence, envelope analysis on the stator 
current waveform may give useful information of rotor condition when the motor 
frequency varies. It only requires one current measurement, instead of the two 
currents and two voltages needed for power. 
7.2.2 Power Monitoring of Induction Motors 
A new method of measurement of the frequency spectrum of power was introduced 
but, the experimental results were limited to only one laboratory motor and two 
VSDs. In order to get a better understanding of the phenomena, measurement results 
are needed from a large range of variable speed induction motor drives, to develop a 
data base. Statistical methods may be applied to divide the motors into sub groups 
based on the standard measurement results of the current spectrum. This research 
work certainly needs support from industry. 
7.2.3 Current Monitoring of DC Motors 
This thesis covers the first stage of applying modem condition monitoring techniques 
to DC motors. Experiment together with mathematical modelling of the DC motor, 
have demonstrated the practicability of current monitoring of DC motors. Frequency 
spectrum analysis of armature and field current should be applied to assess how well 
a DC motor is commutating by comparison with the conventional 'black-band' test. 
Major extensions to the numerical modelling, could be: 
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• to model the inter-pole windings (where fitted) in order to give a better 
understanding of the effect of over- or under-commutation on the current 
spectrum. 
• to model inter-tum shorts in field winding. 
• the influence of load conditions on different defects. 
As the fault-related frequency in the armature and field current spectrum is speed-
related, improved signal analysis techniques will be required for DC drives that 
change speed rapidly. A transient model of the DC motor will be needed to study the 
implications that such drives have for detection of the defects. 
7 .2.3 Artificial Intelligence 
Although thermal and vibration monitoring have been utilised for decades, most 
recent research has been directed towards monitoring of motor current. All of the 
present techniques require the user to have some degree of expertise in order to 
distinguish a normal operating condition from a potential failure mode. For example, 
the frequency spectrum of the stator current of an induction motor with a broken 
rotor bar contains a very large range of frequency components, especially when it is 
supplied by a variable frequency drive. This is due to both the construction and 
design of the motor, the drive and the variation in the driven load. In general, a 
maintenance expert is necessary to analyse the on-line measurements. The trend of 
condition monitoring, in widely varying applications, is to automate the analysis of 
the data collected by incorporating expert systems [133-137] or neural networks 
[138-139] into the on-line measurement systems. The future of condition monitoring 
systems certainly lies in this direction. 
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Appendix A 
Laboratory Equipment 
Al Induction Motors 
Al.l The Pope Motor 
The main induction motor used for laboratory experiments was manufactured by 
Pope Electric Motors Australia Pty. Ltd. This motor had three different rotors 
available for it: the original, one was damaged by milling through the junction 
between one rotor bar and an end-ring, and one had two adjacent damaged rotor bars. 
The specifications of the motor is as follows: 
• 415V, 50Hz, 3 phase, 4 pole 
• Rated output 7 .5kW 
• Rated current 14.lA. 
• Rated speed 1455 rpm 
• Rated power factor 0.86 
• Moment of inertia 0.040 kgm2 
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Design details: 
• 36-slot stator, delta-connected concentric winding, three coils per group, 75 turns 
per coil. 
• 32 slot rotor, cast aluminium cage. 
Al.2 The AEI Motor 
The other two identical induction motors used for laboratory experiments were 
manufactured by Australian Electric Industry Ltd. One of them had a rotor that 
damaged by milling through the junction between one rotor bar and an end-ring. The 
specifications of the motors is as follows: 
• 415V, 50Hz, 3 phase, 6 pole 
• Rated output 4.5kW 
• Rated current 7.5A. 
• Rated speed 955 rpm 
• Rated power factor 0.86 
Design details: 
• 48-slot stator, delta connected winding. Two and two thirds coils per coil. 
• 57-slot rotor, cast aluminium cage. 
A2 DC Motors 
Three motors were used for laboratory experiments. 
A2.1 Motor 45 (M45) 
This motor was manufactured by Crompton Parkinson Ltd. It has separate terminals 
for the interpole winding. The motor has the following specifications: 
• Rated output 2.9HP 
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• Rated current 25A 
• Rated armature voltage 11 OV 
• Rated field current 2A 
• Rated field voltage l lOV 
• Rated speed 1400 rpm 
Design details: 
• 4-pole with 28 slots and 83 segments lap-winding armature. 
A2.2 Motor 87 (M87) 
The motor has the following specifications: 
• Rated output 5kW 
• Rated current lOA 
• Rated armature voltage 500V 
• Rated field current l.5A 
• Rated field voltage 250V 
• Rated speed 1500 rpm 
Design details: 
• 4-pole with 39 slots and 117 segments wave-winding armature. 
A2.3 Davey DC Motor 
This motor was manufactured by F.W. Davey & Co. Pty Ltd, Melbourne, Australia. 
The motor has the following specifications: 
• Rated output 0.5HP 
• Rated current 2A 
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• Rated armature voltage 180V 
• Rated field current 0.2A 
• Rated field voltage 220V 
• Rated speed 1500 rpm 
Design details: 
• 2-pole with 16 slots and 48 segments simplex-lap winding armature, 
• three subcoils per slot, 17 turns per sub coil, 7 slots pole pitch, 
• brush surface area 14.15x6.95 mm, commutator diameter 51.62mm 
Measurement values: 
• Self inductance of the field 284H 
• Field resistance 1100.Q 
• Mutual inductance of armature 3. 7 5H 
• Self inductance of a sub coil 5.7mH(min), 15.6mH(max) 
• Sub coil resistance 0.34.Q 
A3 Variable Speed Drives 
A3.1 VSC 2000 Zener Drive 
The main variable speed AC drive that was used in the experiments was VSC 2000 
Zener Drive. 
• Model VSC-2027 
• Output voltage: 346/480 Vac, three-phase, 50/60Hz. 
• Output current: 27 A cont., 29.7 A int. 
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A3.2 Renold VFD Drive 
This drive was manufactured by Renold Australia PTY. LTD. 
• Output voltage: 380/415 V, 50/60Hz. 
• Rated output: 5.5kV A, 80/(160/320) Hz, 8A. 
• AC motor 3.7kW (max) 
A3.3 ABB Drive 
This drive was a SAMI GS drive manufactured by ABB StrombergDrives Oy, 
Finland. 
• Model Acs501-020-3 
• Rated output 20kV A 
A4 Current Clamps 
Four types of current clamp were used to sample the motor current waveform of 
induction motors and DC motors. 
A4.1 Fluke Current Clamp 
This is a Hall-effect type, clip-on multimeter, made by Fluke Inc. It has an amplifier 
located in the handles, and it is all enclosed in a plastic case without any shielding. 
• Model 801-1010 
• Current Range 1-lOOOA DC, or 1-700A AC 
• Frequency range DC to 440Hz 
• Output lm V per ampere 
• Uncertainty 2-5% depending on current 
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A4.2 FCC Current Clamp 
This is a RF, fully shielded, wound transformer, manufactured by Fischer Custom 
Communication Inc. 
o Model F-14-1 
• Frequency response :flat from lOHz to 400kHz with 50Q terminator 
• Phase error 25 degrees at 50Hz 
A4.3 Split-core Current Transformers 
These were designed by Mr. R. A. Langman and manufactured by the technical 
support group in the Electrical Engineering Department of the University of 
Tasmania. One model covered the current range 16 to 80 amp; the other the range 80 
to 400 amp. 
The design philosophy differed somewhat from a conventional current transformer, 
which has a low as possible secondary resistance in order that the ratio and phase 
errors are minimised. In fact, this was the guideline followed for initial designs of 
split core CT. However, the variable frequency drives caused massive interference 
spikes of voltage into the data acquisition system, which were at least an order 
amplitude greater than the voltage we really wanted. Many techniques of shielding 
against this interference were tried (the interference was from a combination of 
electrostatic and electromagnetic causes) but in the end, the most effective technique 
was to increase the secondary load resistance of the CT in order to get several volts 
(~ 10 volt peak to peak) rather than a few hundred milli volts into the data acquisition 
card. 
The CT for 16 to 80A is described here in more detail. It consists of lines U-cores of 
silicon iron laminations, of core cross section 17mmx43mm. The central hole was 
20mmx58mm. One of the cores carried two windings, one on each leg of the U, each 
of 200 turns of 0.5mm diameter enamelled copper wire. The other U core had no 
winding on it, leaving plenty of room for the primary cable. 
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Secondary winding resistance was about 4.2.Q. Load resistance was 27.Q, which gave 
5.4V RMS for a primary current of 80amp. The "calibration" of the CT was then 
adjusted to 3V RMS (8.5V peak to peak) by a voltage divider of two resistors in 
parallel with the 27.Q (the data acquisition system accepted a maximum of ±5V). Use 
of the low power resistance divider meant that the output voltage could be 
conveniently adjusted without altering the main secondary resistor, which was a 
fairly bully 5-watt rating. 
The CT was completed with a BVC socket attached to a plate that was glued onto 
one side of the U core. The cores were held together by a clip and spring 
arrangement. 
The frequency response, defined as output voltage divided by primary current, was 
constant (to within 1 % ), from lOHz to 2kHz. However, the phase error was large, 
3.6 degrees for 80A at 50Hz. This was an unavoidable result of the split core (that 
gave an effective permeability of only about 4000). 
• Current range 16 - 80A 
• Frequency response flat from 1 OHz to 2kHz 
• Output 3V for 80A 
• Phase error 3.6 degrees for 80A at 50Hz, increasing to 15 degrees at lOHz 
A4.4 Split-core Rogowski Coil 
It was designed by Mr. R. A. Langman and manufactured by the technical support 
group in the Electrical Engineering Department of the University of Tasmania. It 
consists of about 16,000 turns, of mean diameter 15 mm wound on 8 separate 
bobbins assembled in a ring pattern of about 80mm diameter. The bobbin assembly 
was encapsulated inside an aluminium housing that was then cut across a diameter. 
The two halves were electrically connected by a short piece of coaxial cable, and 
clipped together by a toggle. The inside diameter was 40mm, which allowed it to be 
put over the largest cable encountered in DC motors in industry. 
• Current range: unlimited 
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• Frequency response greater than lOkHz 
• Output: 0.1 lm V I ampere I Hz 
AS Data Acquisition System 
The data acquisition system consisted of a 486 PC, with a Boston Technology PC 
30D data acquisition card. A separate instrument contained instrumentation 
amplifiers, low-pass filters and sample-and-hold amplifiers. The current transducers 
described in section B4 were used to measure the motor current. A three-phase opto-
isolator unit was used to measure two line-to-line voltages and provide complete 
isolation at the same time. It was designed by Glenn Mayhew of technical support 
unit and has the input I output relationship V in = ±600V =::::} Vout = ±5V, DC to 
lOOkHz. 
The four-channel instrumentation amplifier has five different gain settings, 1, 3, 10, 
30 and 100, to suit different signal level. Two four-channel six-pole low-pass filters 
are available with corner frequency at 2000Hz. The fast-four-channel sample-and-
hold amplifier is triggered externally by the AID strobes generated from the PC 30D 
data acquisition card. All four circuits are contained in one box, and the inputs and 
outputs of all circuits are connected to RCA sockets mounted at the front panel. This 
design provides high flexibility in the use of the circuits, low-pass-filter and sample-
and-hold circuit. 
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Appendix B 
Voltage Equations of the Davey 
Machine Equivalent Circuits 
Bl Voltage Equations of 7-coil Equivalent Circuit 
From figure B 1, the current equations of the 7-coil equivalent circuit are 
(Bl) 
(B2) 
(B3) 
(B4) 
(B5) 
(B6) 
(B7) 
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ipl ip2 1p3 ia 
Rpl Rp2 Rp3 
ir 
Cp1 Rcp1 icpl icp2 Cp2 Rcp2 is2 
Sl sz Cr 
RL + Ur 
Rsl Rsl Rr 
isl 
icn2 Cn2 Renz icnl Cnl Rcnl 
Rn3 Rn2 Rn 
in3 in2 inl 
Figure 81: The 7-coil equivalent circuit of the Davey machine 
The voltage equations are 
• 
For coil CP1 : U cpl = icpl · Rcpl +A cpl= ipz · RP2 - iP1 · RP1 (B8) 
• 
For coil CP2 : U cpz = icpz · Rcpz + Acp2 = iP3 · RP3 -iP2 · RP2 (B9) 
• 
For coil C52 : i 52 · R 82 + Asz+ ip3 · RP3 + inl · Rnl + iaRL = 0 (BlO) 
• 
For coil Cn1 : Ucnl =icnl ·Rcnl +.Acn1=in1 ·Rn1 -in2 ·Rn2 (Bl1) 
• 
For coil CnZ : U cn2 = icnZ · Rcn2 + Acn2 = inz · Rn2 -in3 · Rn3 (Bl2) 
• 
For coil C51 : i 81 ·R81 +.As2-ip1 ·RP1 -ip3 ·RP3 -iaRL =0 (B13) 
Substitute equations (Bl) to (B7) into (B8) to (B13) gives 
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(B14) 
(B15) 
(B16) 
• 
-Rn1is2 +(Rcnl +Rnl +Rn2)icnl -Rn2 ·icn2 +Acnl = 0 (B17) 
• 
-Rn3isl -Rn2icnl + (Rcn2 + Rn2 + Rn3)icn2 +Acn2 = 0 (Bl8) 
(Bl9) 
(B20) 
Seven differential equations (B14) to (B20) can be rewritten m matrix form as 
Ri . dL L di h 1 L" ; . dL L di v = + 1-+ - , w ere /\. = 1 , /\. = 1-+ - , 
& & & & 
(B21) 
(b22) 
R= 
Rr 0 0 0 0 0 0 
0 Rep! + RP1 + RP2 -Rp2 0 0 0 -Rp1 
0 -Rp2 Rcp2 + Rp2 + Rp3 -Rp3 0 0 0 
0 0 -Rp3 R,2 + Rp3 + Rn1 + RL -Rn1 0 -RL 
0 0 0 -Rn1 Rcn1 + Rn1 + Rn2 -Rn2 0 
0 0 0 0 -Rn2 Rcn2 + Rn2 + Rn3 -Rn3 
0 -Rp1 0 -RL 0 -Rn3 R,1 + Rpl + Rn3 + RL 
(B23) 
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Lff Mccp1 Mccp2 Mcsz Mf_cnl Mf_cn2 Mesi 
Mcp1-f Lcpl mcpl_cp2 mcpl_s2 mcpl_cnl mcpl_cn2 mcpl_sl 
Mcp2_r mcp2_cpl Lcp2 ff ~  mcp2_cnl mcp2_cn2 mcp2_sl 
L= Msz_f ms2_cpl ms2_cp2 Lsz ms2_cnl ms2_cn2 ms2_sl (B24) 
Mcnl_f mcnl_cpl mcnl_cp2 mcnl_s2 Lcnl mcnl_cn2 mcpl_sl 
Mcn2_f mcn2_cpl mcn2_cp2 mcn2_s2 mcn2_cnl Lcn2 IDcnz_sl 
Ms1_f msl_cpl msl_cp2 msl_s2 msl_cnl msl_cn2 Ls1 
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B2 Voltage Equations of 5-coil Equivalent Circuit 
ipl ip2 ia 
Rpl Rp2 
icpl 
if 
Cp1 Rcp1 is2 
Sl S2 cf 
RL 
Rsl Rsl Rr 
isl 
icnl 
Cnl Rcnl 
Rn2 Rnl 
in2 inl 
Figure B2: The 5-coil equivalent circuit of the Davey machine 
The current equations are 
213 
+ uf 
(B25) 
(B26) 
(B27) 
(B28) 
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(B29) 
The voltage equations are 
• 
For coil CP1 : U cpt = icpt · Rcpt +A. cpt = iP2 · RP2 - iP1 · RP1 (B30) 
• 
For coil C 52 : i 52 · R 52 + As2+ ip2 · RP2 + in1 · Rn1 + iaRL = 0 (B31) 
• 
For coil Cn1 : U cnt = icnt ·Rent + Acnt = in1 · Rn1 -in2 · Rn2 (B32) 
• 
For coil C 51 : i 51 ·R51 +.As2-ip1 ·RP1 -in2 ·Rn2 -iaRL = 0 (B33) 
Substitute equations (B25) to (B29) into (B30) to (B33) gives 
• 
-Rn1is2 +(Rent +Rnl +Rn2)icnl -Rn2 ·isl +Acnl = 0 (B36) 
• 
Rfif + .llf = U f (B38) 
Five differential equations (B34) to (B38) can be rewritten m matrix form as 
Ri . dL L di h 1 L" ; . dL L di v = + 1-+ - , w ere /\, = 1, /\, = 1-+ - , 
dt dt dt dt 
(B39) 
(B40) 
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R= 
Rr 0 0 0 0 
0 Rcp1 + RP1 + Rp2 -Rp2 0 -Rp1 
0 -RP2 Rs2 +Rp2 +Rn1 +RL -Rn1 -RL 
0 0 -Rn1 Rcnl + Rnl + Rn2 -Rn2 
0 -RP1 -RL -Rn2 Rs1 +Rp1 +Rn2 +RL 
(B41) 
Lff Mr_ cpl Mr_s2 Mf_cnl Mesi 
Mcpi_f Lcp1 mcpl_s2 mcpl_cnl mcpl_sl 
L= Ms2_r ms2_cpl Ls2 ms2_cnl ms2_sl (B42) 
Mcnl_f mcnl_cpl mcnl_s2 Lcn1 mcnl_sl 
Msi_r msl_cpl msl_s2 msl_cnl Ls1 
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